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Abstract: It is known that the performance of a control chart is
affected by the parameter estimation adversely, in comparison to
known parameter case. However, it has been showed by several
authors that the large Phase | sample is required for the chart with
estimated parameter to achieve the chart performance of known
parameter case. In fact, the required amount of data is much larger
and impractical to observe. This leads to the design of control chart
with available Phase | sample to attain the desired 1C performance.
Although two perspectives are suggested to design the control charts
with available Phase | sample in literature; unconditional and
conditional. In this paper, t,.-chart is designed under these two
perspectives so that the t.-charts have optimal IC performance in
terms of three criteria. Further, IC and OOC performance of
optimal design t,.-chart is evaluated. Moreover, a comparison is done
between optimal design charts optimized in same criteria but from
the different perspectives. It is found that the optimal design t,-
charts under conditional perspective outperforms the optimal design
t,. -charts under unconditional perspective in terms of some
performance measures.

Index Terms: MVUE, t,.-chart, Conditional analysis, Optimal
chart.

I. INTRODUCTION

Time between events (TBE) control charts are used where the
defects/ failure rate is low, say part per million (ppm) especially
in high-yield processes. In these situations, the conventional
attribute charts which are based on the number of failures/ defects/
non-conforming items, for example, p-chart, c-chart, etc. have
some practical difficulties in process monitoring. . For example,
negative control limits, poor approximation to normal
distribution, frequent false alarms, etc. Hence, instead of
monitoring the number or the proportion of events occurring in
sampling intervals, the monitoring of times between two
successive failures or non-conforming items are recommended in
the SPC literature. Such control charts are termed as TBE control
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charts. In addition to the high-yield processes, the TBE control
charts may also be applied to monitor processes some other
situations. For example, in monitoring of the inter-failure times in
a failure process (Xie et al, 2002), in health care management (Xie
et al.,, 2010), in the monitoring of earthquake occurrences
(Santiago & Smith, 2013), etc.

Recently, researchers have started to study the performance of
times between events (TBES) control charts when the parameter
is estimated from Phase | sample. Note that, initially the charts
were studied by taking a specified or known value of parameter.
But, in practice the value of process parameter is not known and
is estimated by an appropriate estimator to construct the control
chart. It has been established that when the control limits are
estimated, the performance of control charts varies from the
known parameter case due to estimation error (Chakraborti, 2007;
Epprecht et al., 2015; Saleh et al., 2016). Zhang et al. (2006)
designed the exponential chart with sequential sampling scheme
when process parameter is unknown. Testik (2007) studied the
performance of Poisson CUSUM control chart with estimated
parameter. Zhang et al. (2013) studied geometric charts with
estimated control limits. Saleh et al. (2014) discussed the
difficulties in designing Shewhart type X control chart with
estimated parameter. Yang et al. (2015) proposed ATS-unbiased
design for exponential chart when the parameter is estimated by
unbiased estimator. Kumar & Chakraborti (2016) studied t,.-chart
with estimated parameter and shown that a much larger Phase |
sample (around 1000 observations) is required to achieve
performance close to known parameter case. A recent and
extensive literature review on the development of estimation
effect on the performance of the control charts has been given by
Jensen et al. (2006) and Psarakis et al. (2014). For recent
researches on TBE charts with estimated parameter, the readers
are referred to Alevizakos et al. (2019), Ali (2020), Hu et al.
(2021), Kumar & Baranwal (2020).
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Traditionally, when the parameter is unknown (case U), the
performance of control chart is evaluated in terms of
unconditional run length (URL) distribution and its associated
characteristics (specially its mean and standard deviation). Since
it does not provide information regarding the performance of a
specific chart, the performance evaluation based on URL
distribution is under criticism. This draws attention to the
performance of a control chart with available Phase | sample and
performance measures based on conditional run length (CRL)
distribution. Therefore, CRL distribution and its properties are
recommended by many authors to design and evaluate the control
chart (Chakraborti, 2006; Chiu &Tsai, 2013; Kumar &
Chakraborti, 2016; Kumar & Baranwal, 2019; Saha et al., 2017;
Zwetsloot & Woodall, 2017). The average of CRL in particular is
used to evaluate the performance of a specific chart with a given
Phase | sample. Clearly, CARL is a random variable being a
function of sample observations. Recently, Kumar (2020) carried
out a detailed study to examine the conditional performance of
exponential chart with one- and two-sided estimated control limits
via exact distribution of CARL (conditional average run length)
and CFAR (conditional false alarm rate).

It has been proved that the chart's performance is less affected
by estimation error when the Phase | sample size is large enough
but it is impractical to observe such amount of data. Some existing
studies have suggested to design the control chart so that the
desired IC performance can be achieved with the available
amount of data (Diko et al., 2019; Epprecht et al., 2015; Faraz et
al., 2018; Hu & Castagliola, 2017; Mosquera et al., 2019). There
exist two perspectives in literature to design a control chart with
specified 1C performance; unconditional and conditional (Jardim
et al., 2020, Kumar et al. (2021), Kumar (2022), Sarmiento et al.,
2020,). Under the unconditional perspective, the chart is design so
that average of IC CARL (CARL;,) is equal to a desired nominal
ARL, , ie. E(CARL;;,) = ARL, . On the other hand, the
conditional perspective ensures that CARL;, is greater than the
desired nominal ARL, with a given high probability (1 —y), i.e.
P[CARL;, = ARLy]=1—-y and known as exceedance
probability criterion (EPC) given by Albers and Kallenberg
(2005).

Recently, Kumar et al. (2020) has proposed three designs of
exponential chart, named as optimal design OD; (j = 1,2,3), in
terms of expected CARL;,, expected false alarm rate and standard
deviation of CARL;,, i.e., AARL;,, AFAR and SDcug.in (for
more details see Appendix C) by considering the class of
sufficient estimators. They concluded that all the three optimal
design exponential charts have better IC and OOC performance
than the existing exponential chart (exponential chart based on
maximum likelihood estimator (MLE)) and require significantly
less Phase | observations than the existing exponential chart.
Moreover, it has been shown by Guo et al. (2014), Kumar &
Chakraborti (2016), Xie et al. (2002) and Zhang et al. (2007) that
the detection ability of exponential chart can be improved by
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taking cumulative sum of the time up to r'" event as a charting
statistic. Also, Kumar et al. (2017) designed the t, -chart by
incorporating runs rules and showed that t, -chart is more
sensitive in detecting small shifts for higher values of r.
Therefore, in this paper, optimal design of t,.-chart is considered
for the study under the two perspectives; unconditional and
conditional.

Therefore, consideration of restricted class of control limits for
t,-chart under these two perspectives and the problem of finding
a pair of control limits with optimal performance within these two
classes are main objective of this paper. Since design of control
chart under both perspectives is based on CARL function, which
is a random variable, the distribution of CARL is derived for t,.-
chart (see Appendix B). Further, the performance of optimal
design Shewhart-type t,-charts under these two perspectives is
evaluated in terms of various statistical properties of CARL
distribution such as mean (AARL), standard deviation (SD¢4rL).
percentiles etc. Furthermore, the comparison is done between the
optimal control charts optimized for same criteria but coming
from two different perspectives. It is to be noticed that the work
of Kumar et al. (2020) for exponential chart is same as to restrict
the class under the unconditional perspective for r =1 and
choose a pair of control limits which optimizes the performance
in terms of three criteria.

Rest of the paper is organized as follows. In Section 2, Phase Il
control limits of t,.-charts are discussed. In Section 3, a class of
control limits is considered for t,.-chart and adjusted to find the
optimal control limits in criteria AARL, SDc4r, and AFAR
respectively within restricted class of control limits under
unconditional and conditional perspectives. In Section 4, the IC
and OOC performance of design t,.-charts are examined and then
optimal control limits optimized in same criteria but from
different restricted class are compared. Finally, summary and
conclusions are reported in Section 5.

Il. PHASE Il CONTROL LIMITS OF t,.-CHART

Let T, = Yi_, X;, the sum of r independent and exponentially
distributed random variables with parameter A, be the waiting
time until the rt" failure. Then T,;r >1 follows gamma
distribution with rate parameter A > 0 and integer valued shape
parameter r = 1,2, ... with probability density function (pdf)
given as.

£ = % t7le~At ¢ € [0,00),7 € {1,2,3,... ), € (0,20)(1)

Let LCL,, UCL, be the lower and upper control limits of the t,.-
chart respectively and 4, be the specified or known value of the
rate parameter A (case K). Then the control limits of t,-chart in
terms of percentiles of chi-square distribution (Kumar &
Chakraborti, 2016) is given as follows.

2 2 (1-
LCL, = X—"Z(Z/ 2 _ A—ll(o“) and UCL, = X_zr;:/” - A_ZA(:) @)
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where A, (a) = x3,(a/2)/2, Ay(a) = x3-(1 —a/2)/2, and
x2.(a) denotes the 100a-percentile of the chi-square distribution
with 2r degrees of freedom (df). In practice, the value of
parameter is estimated from a Phase | sample and plug-in control
limits are constructed for Phase Il analysis. Therefore,
corresponding to each Phase | sample observed, different control
limits may be constructed due to sampling distribution. Hence, a
class of Phase Il control limits for t.-chart is defined as (see
Kumar et al., 2020)

¢ = {cL, ucL): LeL, = 22 ycL, =292 (3)

P
where K > 0, W = }'L, X;, the sum of available m Phase |
sample observations. Clearly, the Phase Il control limits of t,.-
chart depend on design parameters K and « for a given Phase |
sample. Here, K is the optimality constant used to optimize the
chart in terms of the considered criteria. The second design
parameter « is the adjustment parameter which ensures that the
control chart has in control performance equal to some nominal
value. Also, it is proved that parameter estimation affects the IC
performance of control chart unfavorably, in comparison to the
known parameter case.
To overcome this situation, adjustments in control limits are
suggested. Two major perspectives are advocated in literature to
design the control chart by adjusting the control limits with
specified IC performance; unconditional and conditional. Thus, at
first, the class of control limits given in equation (3) is restricted
by adjusting design parameter a under unconditional perspective
such that the E(CARL;,) equal to ARL, and under conditional
perspective such that the CARL;,, exceeds from nominal expected
value of ARL, with a specified higher probability. Then a pair of
control limits is chosen within each restricted class of control
limits under the conditional and unconditional perspectives to
optimize the performance of chart in terms of some performance
measures discussed in Kumar et al. (2020).

I11. OPTIMAL CONTROL LIMITS FOR t,.-CHART

In this section, we adjust the design parameters to obtain the
control limits with optimal performance under both the
unconditional and conditional perspectives. When it comes to
unconditional perspective, recently, optimal control limits has
been discussed by Kumar et al. (2020) in detail for exponential
chart and is extended here for t,-chart. Let the optimal lower and

upper control limits are given as
Aq(a®HW Ay (a®W
LCLT:OD,:]' = Ko ’ UCLT‘:ODU =2 Ko (4)

where LCLT:ODU., UCLT:OD”. are the lower and upper control

limits of ¢t,.-chart for ith perspective Vi = 1,2 and jth criterion
Vj=1,2,3, a* is the adjusting parameter and K, be the
optimality parameter.

Under the first perspective, i.e. unconditional perspective, the
class of control limits in equation (3) is restricted by adjusting the
design parameter a for fixed K, so that the average of IC
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conditional average run length (E(CARL;,)) is equal to desired
nominal ARL,. For each value of K, chosen, there exist an a* to
maintain the E(CARL;,) equal to desired nominal ARL,. Hence
this restricted class consists of candidates which have E(CARL;,)
is equal to desired nominal ARLy,.

Likewise, under the second perspective, i.e. conditional
perspective, we restrict the control limits in equation (3) by
adjusting the value of design parameter a to a* for fixed K,, so
that the CARL;, exceeds from nominal expected value of ARL,
with a specified higher probability. Also, for each value of K
chosen, there exist an a* to maintain the CARL;, values greater
than nominal ARL, with a specified higher probability. Hence
this restricted class consists of candidates which have CARL;,
greater than nominal ARL, with certain probability for each
different pairs of (K,, ™).

Since for any control chart maximum AARL;,, minimum
AFAR and minimum SDcyp.in IS expected for better
performance, the control limits are chosen that optimizes the chart
performance in three criteria AARL;,, AFAR and SD¢4py.in- The
Shewhart type ¢, -charts OD;; designed this way are called as
optimal design t,.-chart. For instance, the values of a* and K|, for
the optimal design t,.-chart under unconditional perspective are
obtained for criterion 1 by solving these two following equations.

AARL;, = ARL, 5)

<~ AARLy, = 0 (6)

Similarly, the design parameters a* and K, for the optimal
design t,.-chart under conditional perspective for criteria 1 are
calculated by replacing equation (5) with exceedance probability
given in equation (C.7) and solving equations simultaneously.
Hence, the design chart OD;; gives the optimal performance in
terms of AARL;, among the restricted class under the it"
perspective; unconditional and conditional.

Also for the other two criteria 2 and 3, the values of a* and K|
are obtained for which the AFAR and the SDcagpin are
minimized, respectively, within the restricted class under the i
perspective by replacing the  first derivative of
AFAR and SDcyg..in in equation (5). The values of design
parameters (K,, a*) obtained and reported for the charts OD;; (i =
1,2;j =1,2,3) in Table 1 for different r € {1,2,3,4} and m €
{20,30,50,75,100,200}.

It can be observed from Table 1 that the values of K, are
significantly different for three OD;; (i = 1,2;j = 1,2,3) charts
for small Phase | sample size. Also, this difference decreases with
the increase in m. The increasing trend in « values is obtained for
optimal designs ODy; (i = 1,2;j = 1,2,3) of ¢, -chart as m
increases.

I\VV. PERFORMANCE EVALUATION
In this section, the performance of OD;; (i = 1,2;j = 1,2,3) t,-
chart is examined in terms of various performance metrics such
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as AARL, AFAR,SD.,g., percentiles etc. under the two states of
the process being in-control (IC) and out-of-control (OOC)
respectively. The IC performance is analyzed to study the
estimation effect on the performance of t,-chart in its IC state.
Whereas the OOC performance of chart shows the power of chart
to identify the deviation in the process parameter from its IC state.

A. In-control performance

The IC performance of the chart has its own right because the
first attempt is made to bring the IC performance of the chart at
satisfactory level. In this section, we examined the IC
performance of ODy; (i = 1,2;j = 1,2,3) t,-chart and compared
the performance of optimal design t,—,t,—,t;—,t, — charts
optimized for same criteria but from different perspectives. The
values of performance measures AARL;,, AFAR, SDcaRrLin »
percentiles and PR for the ODy; (i = 1,2;j = 1,2,3) t,-charts
(r = 1,2,3,4) are calculated for different Phase | sample sizes.
The pt" percentile of CARL;,, distribution gives the value below
which p% of CARL, values may be found and p‘" percentile is
obtained for p € {10,25,50,75,100} . For example, 10th
percentile shows that 10% CARL;, values are smaller than this
value. In fact, the 10th percentile gives a lower bound for CARL
values and also known as the lower prediction bound (LPB) that
can be attained with a high probability y, say, 0.9, for a given
Phase | sample. The metric PR shows the probability of CARL;,
value being greater than or equal to nominal ARL,, say, 200 or it
shows the confidence of a user in his control chart with given
Phase | sample. The values of AARL;,, AFAR, SDcarLin
percentiles, PR are calculated from equations (C.2), (C.3), (C.5)-
(C.7) respectively given in Appendix C and reported in Tables 2-
5.

Since OD,; (j = 1,2,3) chart is design for fixed AARL;, which
is equal to desired nominal ARL, (here, 200), the calculated
AARLy, for ODy; (j = 1,2,3) chart is found to be equal to ARL,
(here, 200). Also, it can be observed that the PR value for
0D,; (j = 1,2,3) chart is equal to 0.9 because the chart is design
so that the probability of getting CARL;, value greater than or
equal to ARL, is chosen to be 0.9 (10" percentile of the CARL;,
distribution is equal to ARL, in the Tables 2-5). From Tables 2-
5, the significant difference is found between the performance of
0D,; (j = 1,2,3) and OD,; (j = 1,2,3) charts, especially when
Phase | sample is small to moderate. The AARL;, value for
0D,; (j = 1,2,3) chart is greater than that for the OD,; (j =
1,2,3) chart. As compared to OD,; (j = 1,2,3) chart, 0D,; (j =
1,2,3) chart has smaller AFAR (< 0.005) . The values of
SDcary:in for 0Dy (j = 1,2,3) charts are smaller than that for the
corresponding OD,; (j = 1,2,3) charts. Further, the OD,; (j =
1,2,3) chart gives PR value 0.9 and it can be seen that PR value
for OD,; (j = 1,2,3) chart is not greater than 0.7.

In the Tables 2-5, the 10™ percentile of the 0D,; chart is equal
to nominal ARL, and is higher than the 10" percentile of
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corresponding OD4; (j = 1,2,3) chart. Also, the other percentile
values for OD,; (j = 1,2,3) charts are much higher than
the OD,; (j = 1,2,3), especially for small Phase I sample. This
difference decreases with the increase in m. Thus, the good IC
performance of the optimal conditional charts OD,; (j = 1,2,3) is
not only limited to p = 0.1, but extends over the entire range of
percentiles. Hence the OD,; (j = 1,2,3) chart outperforms the
0D,; (j = 1,2,3) chart in terms of performance measures
AARL;,, AFAR and PR value. Moreover, the available Phase I
sample size (m) affects the performance of OD,; (j = 1,2,3)
chart more than ODy; (j = 1,2,3) in terms of AARL;,, SDcagy.:in
and percentiles.

Therefore, the choice of class (perspective) to construct the
control limits seriously affects the performance of the optimal
chart, especially for small Phase | sample m. Hence the optimal
design of t, -chart is affected by the choice of perspective;
conditional or unconditional. Also conditional perspective is
recommended to design the optimal chart. Under the conditional
perspective, the OD,5 chart may be a good choice than the other
two when m > 75. However, for m <75, any of charts
OD;; (j =1,2,3) can be used with user’s preference for the
optimization criteria with its consequences.

B. Out-of-control performance

Till, we have examined the IC performance of the optimal ¢,.-
charts in terms of different performance measures, i.e., AARL;,
AFAR, SD¢ari:1c. percentiles and PR. The OOC performance of
control chart is very important to assess the performance of a
control chart when there is shift in IC process parameter (§ # 1).
Because it is found that OD,; (j = 1,2,3) chart performs better
than ODy; (j = 1,2,3) chart in terms of four performance
measures when the process is IC, in this section, the OOC
performance of only OD,; (j = 1,2, 3) t,-charts is examined for
differentm and r = 1,2,3,4 in terms of expected CARL and
standard deviation in CARL i.e., AARLqc, SDcari-0c- The values
of AARLqc and SDcagy.oc for different particular shifts (& €
{0.2,0.8,1,1.2,5}) are calculated from equations (C.1, C.4) for
Phase | sample size (m € {20,30,50,75,100,200}) and given in
Table 6.

From Table 6-7, it is found that the optimal design conditional
charts OD,; (j = 1,2,3) become more sensitive in detecting
larger shifts for higher values of r. For small shifts, the OD,; (j =
1,2,3) charts take more points to detect OOC signal when r
increases with available Phase | sample. Moreover, when the
available Phase | sample (m) is large, the sensitivity of
0Dy; (j = 1,2,3) chart to detect small shift for higher value of
r . Specifically, in downward direction, with m > 75 the
0Dy; (j = 1,2,3) chart become sensitive for small shift (6§ >
0.8) when r increases and for m > 100, the chart needs lesser
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charting points to detect small shifts in upward direction when r
increases.

CONCLUSION

In this paper, the control limits of t,.-chart are adjusted to attain
a desired IC performance under two perspectives, the
unconditional and the conditional, when the parameter is
estimated. The IC performance analysis shows that under the
conditional perspective, optimal t, -charts outperform the
corresponding optimal design unconditional chart in terms of
AARL;,, AFAR,PR for r € {1,2,3,4} . Expectedly, the result
shows that the SDcagpp.in Value for the optimal design
unconditional ( ODy; -) chart is smaller than that for the
corresponding optimal design conditional (OD,;-) chart and the
required amount of Phase | sample to achieve SD¢agrp.in Within
10% of ARL, for ODy; -chart is smaller than OD,; -chart.
However, the OOC performance analysis of OD,;(j = 1,2,3)
t,-chart shows that the chart become more efficient for detecting
large shifts in parameter for higher values of r with given Phase |
sample size m. To detect small shifts in downward direction the
0D,;(j = 1,2,3) t,-charts take lesser points for higher r when
m > 75 on average whereas to detect small shifts in upward
direction, OD,; (j = 1,2,3) t,-chart needs on average m > 100
to become efficient for higher r.

APPENDIX A: PROOF OF LEMMA

Given A, when the sample is from the Erlang distribution, the
conditional probability of signal (CPS) that the charting point T,
falls beyond the control limits for a two-sided t,.-chart is given by

B = P[T, < LCLy.p; 07 Ty > UCLy.gpy
= P21, T, <

224 LCLy.opr 07 224 T, > 20,UCLy. ¢ |

where 4; = &4, is the shifted value of process parameter and &
is size of shift. Since T, follows Erlang distribution, therefore
from distributional properties of random variable T,., 21, T, will
follow chi-square distribution with 2r d.f.i.e. 24, T, ~ x2,. Now,
we can express 3 as

, , M LM
ﬁ =P [er < ZXYWAl(CZ) or x5, > ZA—OYWAZ((Z)

_ 541(a) 645(a)

=1+ FX%T[ L Y] - FX%T[ 2 Y] (A1)

where Y = 24, W follows chi-square distribution with 2m df.

Note that given A, the conditional RL follows geometric

distribution with parameter 3. Therefore, the CARL is given by

the reciprocal of CPS as follows.
_ 1

CARL(S|Y) = 36 (A.2)

Notice that both CARL(S|Y) and 3(8|Y) depend on Y and thus
are random variables being function of Y. Since CARL is a
differentiable function of Y, thus to obtain maximum value is
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same as to obtain the minimum value of B(Y), we take its first
derivative with respect to Y and set it equal to zero.

Ny 54, 5 A, 5 A, 54,
B'(Y) = K fX%r K Y]_ K 45|k Y]
2r
5 A, 1 §A; N2 ' s
=% |z 2r ( K ) ¢
22r(7)
2r_y
5 A, 1 A, \2 7' 84y,
(L)
K zgr(g) K
2
1 § A\ 84 SAN" 54
=— _yrt (—1) e_z_Kly— (—2> e_Z_KZY
27T(r) K K
= Y™ YH(Y
27T (r) ™)
_ 5A1 r _my 8A2 r _ﬂy
Where H(Y)_(T) e 2K — (T) e 2k ",

Clearly, 8'(Y) = 0 implies H(Y) = 0 which gives

A,
. _2kr I (A_l)
T8 (A —A)
Thus B(Y) is minimum at Y;. The positive or negative sign of

B'(Y) issame as that of H(Y) and the sign of H(Y) is same as that
of h(Y)
§A;\" _sa SANT 84
o =l 2] ] (B2
Y6 A,
6(4, - 4) .
=Tk )

Because 4, > A, > 0, it is obvious that £(Y) is decreasing in
(0,Y;;) and increasing in (Y;5, ). The minimum value of 8'(Y)
can be obtained by substituting Y,,, into the equation (5).

Aq Az
o A, \Az—41 A \Az-4q
Bnin(¥Y) =1+ Fiz 2rin (A_1> —Fy 2rin <A_1)

It is notable that the CARL(Y) is a reciprocal of S(Y),
therefore, it is an increasing function of Y in (0,Y,,) and
decreasing function in (Y, ) and attains its maximum at Y. It
is obvious that f,,;,(Y) or equivalently the maximum value of
CARL;, depends on the value r, « but not on m.

APPENDIX B: DISTRIBUTION OF CARL
The cumulative distribution function (cdf) of CARL,, is given

by
G(z) = P(CARL;, < z) =P (ﬁ(_ly) < z>
A 1
=P (P =)
=P[(0<SY<c¢)U(c; £Y < )]

where ¢; and ¢, (¢, > ¢;) are the two solutions of the equation
B(Y) = 1 Thus
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G(z) =Ply<cal+Ply=zc]
Since Y follows chi-square distribution with 2m df, therefore,
the cdf of CARL;, is obtained as follows,
G(z)=1+4+F,z () —Fyz (c;) ;221 (B.1)
And the pdf is obtained by differentiating the cdf given in (7)
with respect to z and using

d 1.
@ =B a@)
—C3(2)

1 2l
dz = _Z_Zﬁ (c2(2))
Hence, the probability density function of CARL;, is given as.

1
g(z|r,m, a, K) = f)(%m(cl) Zﬁ (c1) | +fX2m (CZ) ZE’(CZ) z
>1 (B.2)

APPENDIX C: PERFORMANCE MEASURES

Now, with the help of pdf of IC CARL given in (B.2), the
various performance metrics for the t,-chart are calculated as
follows;

AARL(8) = E(CARL) = [ z g(zIr,m,a,K)dz (C.1)
AARL(L) = [z [fxgm &) |z |] a2
17 2[F i @) | [] 42 (€2
AFAR = E(CFAR)
= 1727 [F 0 [ |+ Fin 0 |7 ] 42 (€©3)
SDcar.(8) = \JE(CARL?) — E(CARL)? (C.4)
SDCARL(l) =
172 [0 [ | + Fom ) [ | @2
oo 1 2
- (fl Z I:f)(%m(cl) ZzB/(Cl) | +fX%m (CZ) ZZB]’-(CZ) ]dZ)

(C.5)

Apart from these performance metrics, the 100n" percentiles
for t,.-chart can be obtained as follows;

P[CARL;, <z] =7 (C.6)

The PR value is defined as the probability that CARL;,, attains
at least nominal ARL, (say 200 or 370.4), therefore it can be
obtained as follows;

PR = P[CARL;, = ARLy] = 1 — G(ARLy) (C.7)

Since the performance measures given in (C.1)-(C.5) are not in
closed form, therefore some numerical techniques are used to
solve these expressions.
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Table I. The K, and a* values are obtained for the ODy;; i = 1,2;j = 1,2,3 t,~charts (r = 1,2,3,4) for different values of m and ARL, = 200.

m 0Dy, 0Dy, ODy; 0D, 0D, 0D,3
K, a K, a* K, a’ K, a’ K, a* K, a’
r=1
20 13.99668  0.00597 13.37969  0.00595 0.07918  0.00587 14.00638 0.00481 13.34591  0.00482 12.57876  0.00470
30 21.50421  0.00619 20.99905 0.00618 0.04992  0.00612 21.52487 0.00531 20.99272  0.00531 20.00685  0.00522
50 36.65364  0.00638 36.28398 0.00638  0.02853  0.00636 36.68792 0.00580 36.30495  0.00579 35.04782  0.00574
75 55.68897  0.00650 55.41235 0.00650 0.01853  0.00648 55.73284 0.00608 55.44916  0.00608 53.99935  0.00604
100 74.76867  0.00656 7454775  0.00656  0.01370  0.00655 74.81838 0.00623 74.59310  0.00623 73.02427  0.00621
200 151.22821 0.00665  151.10602  0.00665 0.00670  0.00665 151.28850  0.00648 151.16502  0.00648  149.37630  0.00647
r=2
20 16.01653  0.00481 15.05711  0.00476  0.06813  0.00471 15.97859 0.00295 14.88957  0.00299 1451526  0.00294
30 24.43185  0.00511 2359329  0.00509 0.04346  0.00504 24.40509 0.00363 23.47887  0.00364 22.89093  0.00359
50 41.40399  0.00541 40.73754  0.00540  0.02510  0.00537 41.39326 0.00435 40.67840  0.00436 39.76850  0.00431
75 62.73395  0.00559 62.20285  0.00559 0.01594  0.00559 62.73612 0.00481 62.17698  0.00481 61.00702  0.00478
100 84.12127  0.00569 83.67914  0.00569 0.01214 0.00568 84.13202 0.00508 83.67153  0.00508 82.32621  0.00505
200 169.87532  0.00586  169.60946  0.00586  0.00596  0.00585 169.90320  0.00552 169.63140  0.00552  167.92310  0.00551
r=3
20 16.97444  0.00418 15.83037  0.00410 0.06396  0.00407 16.90679 0.00192 15.53639  0.00200 15.35700  0.00197
30 25.79443  0.00451 24.75508  0.00448  0.04096  0.00445 25.73574 0.00262 24.53648  0.00266 24.21587  0.00264
50 43.56880  0.00487 42.70173  0.00486  0.02377  0.00484 43.52532 0.00346 4256433  0.00347 41.93592  0.00344
75 65.90142  0.00510 65.18362  0.00509 0.01517  0.00510 65.87180 0.00402 65.09677  0.00403 64.19092  0.00400
100 88.29442  0.00523 87.68094  0.00523  0.01155 0.00522 88.27473 0.00436 87.62244  0.00436 86.51879  0.00434
200 178.09634 0.00546  177.70553  0.00546  0.00568 0.00545 178.09820  0.00497 177.69374  0.00497  176.15170  0.00496
r=4
20 17.53721  0.00376 16.28801  0.00366  0.06190  0.00364 17.45360 0.00130 15.88262  0.00139 15.70628  0.00137
30 26.58597  0.00412 25.41857  0.00407 0.03965  0.00405 26.50802 0.00196 25.10654  0.00202 24.94860  0.00200
50 4480890  0.00451 43.80072  0.00450 0.02306  0.00448 44.74368 0.00282 4359215  0.00284 43.17159  0.00282
75 67.69811  0.00477 66.84061  0.00477  0.01477  0.00477 67.64629 0.00345 66.69833  0.00345 66.00357  0.00343
100 90.64750  0.00493 89.90066  0.00493  0.01123  0.00491 90.60604 0.00384 89.79628  0.00384 88.89611  0.00382
200 182.68408 0.00521  182.18736  0.00521  0.00553  0.00520 182.66680  0.00458 182.14668  0.00458  180.76740  0.00457
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Table 1. The IC performance of the optimal t;-chart for different values of m and ARL, = 200.

Chart m AARL;y, AFAR SD percentiles PR
0.05 0.1 0.25 0.5 0.75 0.9 0.95
25 200.0 0.005147 26.2 149.6 167.4 190.0 208.9 219.1 221.9 222.3 0.636
40 200.0 0.005060 18.3 165.0 177.6 193.8 206.5 212.8 214.5 214.7 0.650
oD, 50 200.0 0.005039 15.3 170.8 181.4 195.1 205.5 210.5 211.8 212.0 0.655
75 200.0 0.005010 8.4 183.8 189.9 197.7 203.2 205.6 206.2 206.3 0.667
100 200.0 0.005003 4.4 191.4 194.7 198.9 201.7 202.9 203.2 203.2 0.674
200 200.0 0.005000 1.8 196.4 197.9 199.6 200.7 201.2 201.3 201.3 0.679
25 239.8 0.004301 32.2 178.1 200.0 227.5 250.6 263.2 266.8 267.3 0.900
40 225.7 0.004486 21.0 185.7 200.1 218.6 233.2 240.4 242.3 242.6 0.900
0D, 50 220.9 0.004564 17.2 188.2 200.1 2154 227.0 232.6 234.1 2343 0.900
75 214.2 0.004686 11.7 191.7 200.0 210.8 218.5 222.1 223.0 223.1 0.900
100 210.8 0.004755 8.9 193.6 200.0 208.3 214.1 216.7 217.3 217.4 0.900
200 205.5 0.004869 4.6 196.6 200.1 204.4 207.2 208.5 208.8 208.8 0.900
25 200.0 0.005122 24.9 153.1 167.7 188.7 207.9 219.0 222.3 222.7 0.619
40 200.0 0.005054 17.7 166.2 177.6 193.3 206.2 212.8 214.5 214.8 0.640
0Dy, 50 200.0 0.005036 149 171.5 181.4 194.8 205.3 210.5 211.8 212.0 0.648
75 200.0 0.005017 10.7 179.4 186.9 196.7 203.9 207.3 208.1 208.2 0.659
100 200.0 0.005010 83 183.9 189.9 197.6 203.1 205.6 206.2 206.3 0.665
200 200.0 0.005003 4.4 191.4 194.7 198.9 201.7 202.9 203.2 203.2 0.674
25 239.3 0.004286 30.4 182.5 200.0 225.4 248.8 262.6 266.7 267.3 0.900
40 225.7 0.004481 20.3 187.1 200.0 218.0 232.7 240.3 242.4 242.7 0.900
oD, 50 220.9 0.004562 16.7 189.0 200.0 215.0 226.8 232.6 2341 234.4 0.900
75 214.2 0.004685 11.6 192.0 200.0 210.7 218.5 222.1 223.0 223.1 0.900
100 210.8 0.004754 8.8 193.7 200.1 208.3 214.1 216.7 217.3 217.4 0.900
200 205.5 0.004869 4.5 196.6 200.0 204.4 207.2 208.5 208.8 208.8 0.900
25 200.0 0.005102 24.4 154.2 166.3 186.2 206.6 220.2 224.5 225.2 0.592
40 200.0 0.005046 17.2 166.7 176.5 191.6 205.5 213.5 215.8 216.1 0.616
oD,, 50 200.0 0.005032 14.4 171.8 180.4 193.5 204.9 211.0 212.7 213.0 0.626
75 200.0 0.005015 10.3 179.5 186.3 196.0 203.7 207.6 208.6 208.7 0.641
100 200.0 0.005009 8.0 183.9 189.4 197.1 203.0 205.8 206.5 206.6 0.649
200 200.0 0.005002 4.3 191.4 194.6 198.8 201.7 203.0 203.3 203.3 0.664
25 241.5 0.004230 30.1 185.4 200.0 224.1 249.3 266.4 272.1 272.9 0.900
40 227.2 0.004444 19.8 188.9 200.0 217.4 233.5 242.8 245.5 245.9 0.900
0D, 50 2221 0.004531 16.2 190.4 200.1 214.7 227.6 234.6 236.5 236.8 0.900
75 215.0 0.004666 11.2 192.8 200.1 210.6 219.0 223.2 224.4 224.5 0.900
100 211.3 0.004741 8.6 194.2 200.0 208.2 2145 217.4 218.2 218.3 0.900
200 205.7 0.004865 4.4 196.8 200.1 204.4 207.4 208.7 209.1 209.1 0.900
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Table I11. The IC performance of the optimal t,-chart for different values of m and ARL, = 200.

Institute of Science, BHU Varanasi, India

percentiles
Chart m AARL;, AFAR SD PR
0.05 0.1 0.25 0.5 0.75 0.9 0.95
25 200.0 0.005529 44.9 108.7 136.0 176.0 214.1 236.6 243.2 244.2 0.607
40 200.0 0.005231 329 133.2 154.4 185.0 211.4 225.4 229.3 229.8 0.627
50 200.0 0.005155 28.1 143.0 161.6 188.1 210.0 221.2 224.2 224.6 0.635
OD11 75 200.0 0.005075 20.7 158.1 172.4 192.3 207.7 215.0 216.9 217.2 0.647
100 200.0 0.005044 16.5 166.7 178.5 194.4 206.2 211.6 213.0 213.2 0.655
200 200.0 0.005012 9.1 181.7 188.5 197.4 203.5 206.2 206.8 206.9 0.667
25 299.7 0.003748 70.1 157.0 200.1 261.8 321.0 357.2 367.9 369.4 0.900
40 261.5 0.004019 44.4 171.5 200.1 241.0 276.7 295.9 301.2 301.9 0.900
50 249.1 0.004148 36.0 176.3 200.0 233.8 261.9 276.3 280.2 280.8 0.900
0Dz 75 232.8 0.004363 24.6 183.0 200.0 223.6 241.9 250.7 252.9 2533 0.900
100 224.6 0.004492 18.8 186.7 200.0 218.2 231.7 237.9 239.5 239.8 0.900
200 212.4 0.004721 9.8 192.7 200.0 209.6 216.1 219.0 219.7 219.8 0.900
25 200.0 0.005423 43.3 116.4 137.8 173.6 211.8 236.9 244.7 245.8 0.587
40 200.0 0.005202 31.9 136.4 154.9 183.8 210.5 2255 229.7 230.3 0.615
50 200.0 0.005140 27.4 145.0 161.9 187.3 209.5 221.2 224.4 224.8 0.626
OD:, 75 200 0.005070 20.3 158.9 172.5 192.0 207.5 215.0 217.0 217.2 0.642
100 200.0 0.005042 16.2 167.1 178.5 194.2 206.1 211.6 213.1 213.3 0.651
200 200.0 0.005012 9.1 181.8 188.5 197.4 203.5 206.2 206.8 206.9 0.666
25 294.6 0.003712 66.2 168.4 200.0 253.2 311.4 3515 364.3 366.2 0.900
40 260.4 0.004008 42.8 175.6 200.0 238.2 274.1 294.7 300.6 301.4 0.900
50 248.6 0.004142 34.9 178.8 200.0 232.2 260.6 275.8 280.0 280.6 0.900
0D, 75 232.7 0.004360 24.1 184.0 200.0 223.1 241.5 250.5 252.9 2533 0.900
100 224.6 0.004491 18.5 187.1 200.1 218.0 231.6 237.9 239.6 239.8 0.900
200 212.4 0.004720 9.7 192.8 200.0 209.5 216.1 219.0 219.7 219.8 0.900
25 200.0 0.005392 43.5 117.7 137.2 171.6 210.5 237.9 246.9 248.2 0.575
40 200.0 0.005186 31.8 137.3 154.2 182.1 209.8 226.3 231.1 231.8 0.602
OD,, 50 200.0 0.005129 27.2 145.8 161.1 185.9 208.9 2219 225.5 226.0 0.613
75 200.0 0.005065 20.1 159.3 171.8 191.0 207.1 215.4 217.6 218.0 0.630
100 200.0 0.005039 16.0 167.3 177.9 193.5 205.9 211.9 213.5 213.7 0.640
200 200.0 0.005011 8.9 181.8 188.3 197.1 203.4 206.3 207.0 207.1 0.658
25 296.2 0.003669 67.0 171.2 200.1 251.4 311.0 355.0 369.9 372.2 0.900
40 261.7 0.003974 42.9 177.8 200.0 237.1 274.5 297.4 304.2 305.2 0.900
50 249.9 0.004112 34.8 180.7 200.0 231.4 261.1 278.1 282.9 283.6 0.900
OD23 75 233.7 0.004338 23.9 185.2 200.1 222.7 242.1 252.1 254.8 255.2 0.900
100 225.3 0.004474 18.3 188.0 200.0 217.8 232.1 239.0 240.9 241.1 0.900
200 212.7 0.004713 9.6 193.1 200.1 209.5 216.4 219.4 220.2 220.3 0.900
Table IV. The IC performance of the optimal t;-chart for different values of m and ARL, = 200.
percentiles
Chart m AARL;, AFAR SD PR
0.05 0.1 0.25 0.5 0.75 0.9 0.95
25 200.0 0.006061 59.4 82.0 111.5 161.6 216.0 251.7 262.6 264.2 0.583
40 200.0 0.005478 44.6 109.1 134.6 175.4 214.4 236.7 243.1 244.0 0.608
oD 50 200.0 0.005327 38.6 120.9 144.1 180.3 213.1 230.9 235.8 236.5 0.618
" 75 200.0 0.005162 29.1 139.9 158.9 187.1 210.6 222.3 225.4 225.8 0.634
100 200.0 0.005098 235 151.4 167.5 190.6 208.8 217.5 219.7 220.0 0.643
200 200.0 0.005028 13.5 172.3 182.3 195.7 205.2 209.4 210.5 210.6 0.660
0Dy, 25 376.4 0.003374 118.7 141.1 200.1 298.3 406.4 480.5 504.0 507.4 0.900
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40 304.1 0.003653 71.0 159.7 200.1 264.1 326.4 362.9 373.4 374.9 0.900
50 282.1 0.003806 56.6 166.2 200.1 252.7 301.1 327.7 3351 336.2 0.900
75 253.9 0.004078 38.1 175.3 200.0 236.8 267.6 283.1 287.2 287.8 0.900
100 240.1 0.004251 29.0 180.4 200.1 228.4 250.9 261.7 264.5 264.9 0.900
200 219.8 0.004575 15.0 189.0 200.1 215.0 225.6 2304 231.6 231.7 0.900
25 200.0 0.005841 58.2 91.1 114.6 158.7 2125 252.2 265.4 267.4 0.564
40 200.0 0.005414 43.6 113.7 135.8 173.7 213.0 236.9 244.0 245.0 0.595
oD,, 50 200.0 0.005292 37.7 124.0 144.8 179.2 212.2 231.0 236.3 237.1 0.608
75 200.0 0.005151 28.6 141.3 159.1 186.6 210.2 2223 2255 226.0 0.628
100 200.0 0.005093 23.2 152.2 167.6 190.3 208.6 217.5 219.8 220.1 0.639
200 200.0 0.005027 13.4 172.5 182.3 195.6 205.2 209.4 210.5 210.7 0.659
25 361.6 0.003309 111.4 157.9 200.1 280.1 381.9 462.6 491.0 495.3 0.900
40 300.5 0.003636 68.4 166.5 200.1 258.2 319.9 359.0 370.8 3725 0.900
oD,, 50 280.4 0.003796 54.9 170.5 200.0 249.3 297.6 325.9 333.9 335.1 0.900
75 253.4 0.004074 37.3 177.1 200.0 235.6 266.6 282.7 287.0 287.6 0.900
100 240.0 0.004249 28.5 181.3 200.1 227.9 250.5 261.5 264.4 264.8 0.900
200 219.8 0.004574 14.9 189.1 200.1 214.9 225.6 230.4 231.6 231.7 0.900
25 200.0 0.006061 59.4 82.0 111.5 161.6 216.0 251.7 262.6 264.2 0.583
40 200.0 0.005478 44.6 109.1 134.6 175.4 214.4 236.7 243.1 244.0 0.608
OD,, 50 200.0 0.005327 38.6 120.9 144.1 180.3 2131 230.9 235.8 236.5 0.618
75 200.0 0.005162 29.1 139.9 158.9 187.1 210.6 2223 225.4 225.8 0.634
100 200.0 0.005098 235 151.4 167.5 190.6 208.8 217.5 219.7 220.0 0.643
200 200.0 0.005028 135 172.3 182.3 195.7 205.2 209.4 210.5 210.6 0.660
25 362.4 0.003284 112.4 159.6 200.0 278.6 381.0 465.0 495.4 500.1 0.900
40 301.5 0.003611 68.9 168.4 200.0 256.9 319.7 361.3 374.2 376.1 0.900
0D, 50 281.3 0.003772 55.2 172.2 200.1 248.2 297.8 328.0 336.9 338.1 0.900
75 254.3 0.004054 37.3 178.4 200.0 235.0 267.0 284.3 289.0 289.7 0.900
100 240.7 0.004232 28.4 182.3 200.0 227.5 250.9 262.7 265.9 266.3 0.900
200 220.2 0.004566 14.8 189.6 200.1 2149 225.9 230.9 232.2 2324 0.900
Table V The IC performance of the optimal t,-chart for different values of m and ARL, = 200.
Chart m AARL;, AFAR SD percentiles PR
0.05 0.1 0.25 0.5 0.75 0.9 0.95
25 200.0 0.006694 71.2 64.5 93.1 148.3 215.6 264.5 280.3 282.6 0.564
40 200.0 0.005779 54.4 91.3 118.3 165.8 215.9 246.7 255.8 257.1 0.591
0Dy, 50 200.0 0.005538 47.4 103.7 129.2 172.4 215.1 239.7 246.6 247.6 0.603
75 200.0 0.005272 36.3 124.8 146.8 181.8 212.7 229.0 2333 234.0 0.622
100 200.0 0.005167 29.7 138.2 157.4 186.6 210.9 222.9 226.1 226.5 0.633
200 200.0 0.005049 17.5 163.6 176.2 193.8 206.7 212.6 214.1 214.3 0.654
25 470.0 0.003133 180.8 129.6 200.0 3354 504.9 635.2 679.2 685.9 0.900
40 352.6 0.003377 101.7 150.3 200.1 287.2 381.0 440.8 458.8 461.4 0.900
0Dy, 50 318.8 0.003534 79.6 157.8 200.0 271.5 343.4 385.9 398.2 400.0 0.900
75 276.7 0.003834 52.4 168.7 200.0 249.9 294.8 318.6 325.1 326.0 0.900
100 256.7 0.004037 39.4 174.8 200.0 238.6 271.0 287.2 291.4 292.0 0.900
326

Institute of Science, BHU Varanasi, India



Journal of Scientific Research, Volume 66, Issue 3, 2022

200 227.7 0.004437  20.3 185.5  200.0 2204 2355 2423 2441 2443  0.900
25  200.0 0.006344  70.6 73.5 96.9 1453 2112 2653 2844 2873  0.545
40  200.0 0.005671  53.5 96.5 120.0 1640 2140 2471 2572 2587  0.579
oD, 50 2000 0.005478  46.6 107.5 1303  171.0 213.8 2399 2475 2486  0.593
75 2000 0.005253 35.8 126.7 1472 181.0 2122 2290 233.6 2343  0.615
100  200.0 0.005158  29.3 139.2 1575 1861 2106 2229 2262 2267  0.629
200  200.0 0.005048 17.4 163.9 1762 193.7 2067 2126 2141 2143  0.652
25  439.8 0.003029 167.6  149.8 200.1 3058 4582 596.1 649.0 657.3  0.900
40 34522 0.003350  97.7 159.3  200.0 277.2 368.5 4323 4525 4555  0.900
oD,, 50  315.1 0.003520  77.2 163.7 2000 265.6 336.8 381.8 3952 3972  0.900
75 2757 0.003829 513 171.2 2000 247.8 292.8 317.6 3244 3254  0.900
100  256.3 0.004035 38.8 176.1  200.1 237.6 270.1 286.8 291.2 2919  0.900
200 227.7 0.004436  20.2 1857  200.1 2203 2354 2423 2441 2443  0.900
25  200.0 0.006322  70.9 73.9 96.8 1446 2106 2658 2855 2885  0.542
40  200.0 0.005654  53.7 97.1 119.8  163.1 2134 2476 2583  259.9  0.575
0Dy, 50 2000 0.005464  46.7 108.2 130.1  170.1  213.3 2404 2484 2496 0.588
75 2000 0.005244  35.8 127.3 1469  180.1  211.8 2295 2344 2351 0.610
100  200.0 0.005152  29.3 139.7 157.2 1854 2103 2233 2267 2272  0.623
200  200.0 0.005046 17.3 1640 1760 1933 206.6 212.7 2143 2145  0.647
25 4404 0.003014  168.6 150.7 200.0 304.8 457.4 597.8 6524 661.1  0.900
40  355.0 0.003250 101.2 1645 205.1 283.2 377.8 4457  467.7 471.0 0.907
0Dy 50 3158 0.003501  77.6 165.1 200.1 264.6 336.6 3836 3979 4000 0.900
75  276.4 0.003812 514 1725 2001 2471 293.0 319.1 3264 3275  0.900
100  257.0 0.004019 3838 177.2 2001 237.2 2705 2880 2928 2935  0.900
200 2281 0.004427  20.1 186.2  200.1 2202 2357 2429 2448 2450  0.900
Table VI. The OOC performance of the OD,; t; and t,-charts for different shifts (&), values of m and ARL, = 200.
chart 30 50 75 100 200
5 AARL SD AARL SD AARL SD AARL SD AARL SD AARL SD
r=1
0Dz 6.0 2.6 5.4 1.8 5.0 1.2 4.8 0.9 4.7 0.7 4.6 0.5
0.2 ODy2 66 3.0 5.7 1.9 5.1 1.2 4.9 0.9 4.7 0.7 4.6 0.5
O0Dy; 75 3.7 6.3 2.2 5.4 1.3 5.1 1.0 4.9 0.8 4.7 0.5
0Dz 2238  66.2 2061 535 1906 418 1822 346 1777 302 1705 21.8
0.3 0Dy 2335 59.8 212.0 50.5  193.4 40.7 183.6 341 1785 300 1708 21.8
ODz3 2485 53.2 225.3 450  203.9 370 1917 317 185.1 283 1745 21.1
0D21 2490 392 2336 273 2209 17.2 21422 11.7 2108 89 2055 4.6
1 ODz2 2478  36.6 2334 260 2209 16.7 2142 11.6 2108 8.8 2055 45
0Dy 2503 36.5 235.3 256 2221 162 215.0 1.2 2113 8.6 205.7 44
0D;1 2361  36.6 2200  27.7 2065 203 199.4 163  195.8 140  190.2 9.9
1.2 0Dz 2293  37.8 2166 285 2051 207  198.7 16.5  195.4 141 1901 9.9
0Dz 2258  40.2 2131 304 202.0 220 196.1 17.3  193.1 14.7 1887 10.1
5 0Dy 617 14.4 56.3 105  52.1 7.4 50.0 5.8 48.9 4.9 47.4 3.3
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0Dz, 5838 13.7 55.0 103  51.6 7.4 49.8 5.8 48.8 4.9 47.3 3.3
0Dz 568 13.3 53.3 100 503 7.2 48.8 5.6 48.0 4.8 46.8 3.3
r=2
0D21 3.0 1.2 2.8 0.8 2.6 0.5 2.5 0.4 2.4 0.3 2.3 0.2
0.2 0Dy, 34 1.5 2.9 0.9 2.6 0.5 2.5 0.4 2.4 0.3 2.3 0.2
0Dy; 36 1.7 3.1 1.0 2.7 0.6 2.6 0.4 2.5 0.3 2.4 0.2
0D21 2742 1269 2282 950 1921  69.7 1734 559 163.8 481 1486  33.8
0.3 O0D;; 2971 1129 2435 89.2  199.8 68.1  177.6 553  166.3 478 1493 33.8
0Dz3  309.9 110.0 2566 864 2116 661 1875 542 1747  47.1 1544 336
0D;; 3269 883 2824 585 2491 360 2328 246 2246 188 2124 9.8
1 0Dy, 3169 821 279.5 557 2486 349 2327 241 2246 185 2124 9.7
0D;; 3185 834 281.1 562 2499 348 2337 239 2253 183 2127 9.6
OD;; 2975 853 2528 604 2189 422 2021 329 1936  28.0  180.8 19.2
1.2 0Dz2 2708  86.2 2402 619 2138 430 1996 333 1921 282  180.4 19.3
OD;3  266.8  88.2 2357  63.6 2094 443 1956 342 1836 288  178.0 19.5
0D21 24,0 10.8 19.6 6.8 16.6 43 15.1 3.1 14.5 2.6 13.5 1.7
5 0D;2 209 9.3 18.2 6.3 16.0 4.1 14.9 3.1 14.3 2.5 13.5 1.6
0Dz3  20.2 9.0 17.7 6.1 15.6 4.0 14.5 3.0 14.0 2.5 13.2 1.6
Table VII. The OOC performance of the OD,; t3- and t,charts for different shifts (5), values of m and ARL, = 200.
chart 30 50 75 100 200
5 AARL SD AARL SD AARL SD AARL  SD  AARL SD AARL SD
r=3
0Dz 21 0.8 2.0 0.5 1.8 0.3 1.8 0.2 1.7 0.2 1.7 0.1
0.2 0Dz 24 1.0 2.1 0.6 1.9 0.3 1.8 0.2 1.7 0.2 1.7 0.1
0D2; 25 1.1 2.1 0.6 1.9 0.3 1.8 0.2 1.8 0.2 1.7 0.1
OD21 3448  203.7  259.5 1393  199.1  94.6 1700 725 1554  60.8  133.0  40.7
0.8 0Dz 3815 179.3 2853 131.0 2123 93.1 1771 723 1598 609 1344  40.8
0Dz 3909 1786  295.3 130.0 2231 925 186.7 724 1682 612  139.7 412
OD21 4321 1559 3429 965 2821  56.6 2539 381 2401 29.0 2198 150
1 0Dz 4034 1430 3343 917 280.4  54.9 2534 373 2400 285 2198 149
OD23 4044 1445 3352 925 2813  55.2 2543 373 2407 284 2202 148
0Dz1 3813 151.4 2950  99.0 2353  64.8 2072 489 1935 407 1731  27.2
12 0Dz 3220 1461 2685  99.2 2249 655 2022 492 1905 409 1722 272
OD2; 3188 1475 2645 100.3 2203  66.4 197.8  49.8 1864 413 1693 273
0Dz 122 7.6 9.1 4.1 7.2 2.3 6.4 1.6 6.0 1.3 5.5 0.8
S 0Dz, 97 5.9 8.1 3.6 6.9 2.2 6.3 1.5 5.9 1.2 5.5 0.8
O0D2; 956 5.8 8.0 3.5 6.7 21 6.1 1.5 5.8 1.2 5.4 0.8
r=4
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0.2

0.8

1.2

0Dy,
0D,;
OD33
0Dy,
0D,;
0D,;
0Dy
0D,;
OD33
0Dy
0D,,
OD,s
0Dy,
0D,,
0D,3

1.7
2.0
2.0
435.2
486.5
500.3
566.4
507.8
509.6
488.0
382.7
378.6
7.4
5.6
5.5

0.5
0.8
0.8
303.5
264.3
265.1
248.2
222.5
225.7
240.1
220.3
222.3
5.7
3.9
3.9

1.6
1.7
1.7
297.8
335.3
341.9
414.4
396.9
397.4
345.2
300.5
297.9
5.2
4.5

4.5

0.3
0.4
0.4
189.8
178.9
178.8
142.9
134.9
135.6
144.8
141.2
141.8
2.7
2.2
2.2

1.5
15
15
209.5
228.4
237.4
318.8
315.1
315.8
254.5
237.7
233.6
4.0
3.8

3.7

0.2
0.2
0.2
119.4
118.4
118.7
79.6
77.2
77.6
88.6
88.4
89.0
14
13
1.2

14
15
15
169.5
179.6
188.3
276.7
275.7
276.4
214.1
206.2
201.7
3.5
3.4

3.4

0.1
0.2
0.2
87.3
87.9
88.7
52.4
51.3
51.4
64.4
64.5
64.8
0.9
0.9

0.8

14
14
14
150.2
156.4
164.3
256.7
256.3
257.0
194.8
190.1
185.9
3.3
3.2

3.2

0.1
0.1
0.1
71.2
71.9
72.9
39.4
38.8
38.8
52.6
52.6
52.8
0.7
0.7

0.7

14
14
14
121.6
1234
128.6
227.7
227.7
228.1
166.8
165.5
162.3
3.0
3.0

2.9

0.1
0.1
0.1
45.2
45.5
46.4
20.3
20.2
20.1
33.9
33.9
33.8
0.4
0.4

0.4
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