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Abstract: In this paper, we establish some definite integrals 

involving generalized Mittag-Leffler function, product of 
algebraic functions, Jacobi function, Legendre function and 
general class of polynomials. Certain special cases of the main 
results are also pointed out. 

Index Terms: Generalized  Mittag-Leffler,  Generalized 
hypergeometric functions; Generalized weighted function, 
Generalized  Fox H function,  Srivastava’s polynomials; Definite 
integrals 

I. INTRODUCTION 

Introduction 
In past few decades, many researchers are attracted to diverse 

techniques of special functions and their uses in many other areas of 
mathematics. These functions as a part of the theory of 
Hypergeometric functions are important special functions and they 
are closely related to physics and engineering applications. The 
great applications in a wide variety of fields Srivastava et al. (2014) 
have played a pivotal role in the advancements of further research in 
special functions. The well known Mittag-Leffler function 
Mittag-Leffler, G.M  (1903) (which is the generalization of 
exponential function), occurs as the solution of fractional order 
differential and integral equation is defined by 

 𝐸ఈ(𝑧) = Σ௡ୀ଴
∞  

௭೙

Γ(ఈ௡ ା ଵ)
       

where 𝑧 ∈  𝐶 and Γ(𝑠) is the Gamma function; 𝛼 

 
A generalization of 𝐸ఈ(𝑧) was introduced by Wiman 

follows: 

 𝐸ఈ,ఉ(𝑧) = Σ௡ୀ଴
∞  

௭೙

Γ(ఈ௡ ାఉ)
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attracted to diverse 
techniques of special functions and their uses in many other areas of 
mathematics. These functions as a part of the theory of 
Hypergeometric functions are important special functions and they 

ing applications. The 
Srivastava et al. (2014) 

have played a pivotal role in the advancements of further research in 
Leffler function 𝐸ఈ(𝑧) 

which is the generalization of 
exponential function), occurs as the solution of fractional order 

 (1.1) 

≥  0. 

was introduced by Wiman (1905)  as 

 (1.2) 

 
 
 
 
where 𝛼, 𝛽 ∈  𝐶; Γ(𝛼)  >  0, Γ(𝛽)

Mittag-Leffler function or Wiman’s function.

Afterwards, Prabhakar (1971) introduced the function 

the form (see also Killbas et al. [4]): 

 𝐸ఈ,ఉ
ఊ (𝑧) = Σ௡ୀ଴

∞  
(ఊ)೙௭೙

Γ(ఈ௡ ାఉ) ௡!
  

where 𝛼, 𝛽, 𝛾 ∈  𝐶; Γ(𝛼) >  0, Γ(𝛽

In, Shukla and Prajapati (2007) introduced and investigated the 

function 𝐸ఈ,ఉ
ఊ,௤   

 𝐸ఈ,ఉ
ఊ,௤(𝑧) = Σ௡ୀ଴

∞  
(ఊ)೜೙௭೙

Γ(ఈ௡ ାఉ) ௡!
  

Where 𝛼, 𝛽, 𝛾 ∈  𝐶; Γ(𝛼) >

 (0, 1) ∪ 𝑁  and (𝛾 )௤௡  =
Γ(ఊ ା ௤௡)

Γ(ఊ )
 

Pochhammer symbol. 
A new generalized Mittag-Leffler function was defined by Salim 

(2009) as: 

 𝐸ఈ,ఉ
ఊ,ఋ(𝑧) = Σ௡ୀ଴

∞  
(ఊ)೙௭೙

Γ(ఈ௡ ାఉ) (ఋ)೙
    

Where 𝛼, 𝛽, 𝛾, 𝛿 ∈  𝐶; Γ
 0, Γ(𝛿)  >  0. 

Further, Salim and Faraj (2010)
extension of Mittag-Leffler function: 

𝐸ఈ,ఉ,௣
ఊ,ఋ,௤(𝑧) = Σ௡ୀ଴

∞  
(ఊ)೜೙௭೙

Γ(ఈ௡ ାఉ) (ఋ)೛೙
  

Where 𝛼, 𝛽, 𝛾, 𝛿 ∈  𝐶, 𝑚𝑖𝑛{ℜ(

 0, ℜ(𝛿)  >  0}  >  0;  𝑝, 𝑞 >  0  and 𝑞
Very recently, Khan and Ahmed 

generalization of the Mittag- Leffler function defined as:

 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣
ఎ,ఘ,ఊ,௤ (𝑧) = Σ௡ୀ଴

∞  
(ఎ)ഐ೙(ఊ)೜೙

Γ(ఈ௡ ାఉ) (ఔ)഑೙

Where 𝛼, 𝛽, 𝛾, 𝛿, 𝜇, 𝜈, 𝜌, 𝜎 ∈  𝐶,   ℜ

 0, ℜ(𝛿) >  0, ℜ(𝜇) >  0, ℜ(𝜈) >  0, ℜ

 0;  𝑝, 𝑞 >  0 and 𝑞 ≤  ℜ(𝛼)  +  𝑝. 
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 >  0, which is also known as 
Leffler function or Wiman’s function. 

introduced the function 𝐸ఈ,ఉ
ఊ

(𝑧) in 

    (1.3) 

(𝛽) >  0, Γ(𝛾 )  >  0. 
introduced and investigated the 

   (1.4) 

) >  0, Γ(𝛽) >  0, Γ(𝛾 ) >  0, 𝑞 ∈
)

, denotes the generalized 

Leffler function was defined by Salim 

   (1.5) 

Γ(𝛼)  >  0, Γ(𝛽)  >  0, Γ(𝛾 )  >

(2010) introduced the following 
 

   (1.6) 

(𝛼)  >  0, ℜ(𝛽)  >  0, ℜ(𝛾 )  >

𝑞 <  ℜ(𝛼) +  𝑝. 
Very recently, Khan and Ahmed (2013) introduced a further 

Leffler function defined as: 
)೜೙௭೙

( )഑೙(ఋ)೛೙
    (1.7) 

ℜ(𝛼) >  0, ℜ(𝛽) >  0, ℜ(𝛾 ) >

ℜ(𝜌) >  0, ℜ(𝜎 ) >
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Equation (1.7) can be written as 

 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣
ఎ,ఘ,ఊ,௤ (𝑧) =

Γ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
Σ௡ୀ଴

∞  
Γ(ఎାఘ௡)Γ(ఊା௤௡) ௭೙

Γ(ఈ௡ ାఉ)Γ(ఔାఙ௡)Γ(ఋା௣௡ ) 
  

Equation (1.7) is a generalization of equation (1.1)-(1.6). 

 On setting 𝜇 =  𝜈, 𝜌 =  𝜎,  (1.7) reduces to the 
Mittag-Leffler function defined by (1.6). 

 On setting 𝜇 =  𝜈, 𝜌 =  𝜎 , and 𝑝 =  𝑞 =  1 , (1.7) 
reduces to the Mittag-Leffler function defined by 
(1.5). 

 On setting  𝜇 =  𝜈, 𝜌 =  𝜎, and 𝛿 =  𝑝 =  1,  (1.7) 
reduces to the Mittag-Leffler function defined by 
(1.4), which further for 𝑞 =  1 , gives the known 
generalization of Mittag-Leffler function given by 
(1.3). 

 On setting 𝜇 =  𝜈, 𝜌 =  𝜎, and 𝛿 =  𝑝 =  𝑞 =  1 , 
(1.7) reduces to (1.2), which further for 𝛽 =  1, 
reduces to the Mittag-Leffler function defined by 
(1.1). 

The generalization of the generalized hypergeometric series 𝐹௤
௣ is 

due to Fox (1928) and Wright (1935, 1940a, 1940b) who studied the 
asymptotic expansion of the generalized (Wright) hypergeometric 
function defined by (see [12, p.21]; see also (1997)): 

 

Ψ௤
௣ ቈ

(𝛼ଵ, 𝐴ଵ), (𝛼ଶ, 𝐴ଶ), … … ൫𝛼௣, 𝐴௣൯

(𝛽ଵ, 𝐵ଵ)(𝛽ଶ, 𝐵ଶ) … … ൫𝛽௤, 𝐵௤൯
, 𝑧቉  =  Σ௞ୀ଴

∞  
∏ Γ൫ఈೕା஺ೕ௞൯

೛
ೕసభ

∏ Γ൫ఉೕା஻ೕ௞൯
೜
ೕసభ

 
௭ೖ

௞!
  

      (1.8) 
where the coefficients 𝐴ଵ, 𝐴ଶ, … … , 𝐴௣ and 𝐵ଵ, 𝐵ଶ, … … , 𝐵௤  are 

positive real numbers such that 

(i) 1 + Σ௝ୀଵ
௤

𝐵௝  − Σ௝ୀଵ
௣

𝐴௝  >  0 𝑎𝑛𝑑 0 <  |𝑧| < ∞;  𝑧 ≠

 0. (1.9) 

(ii) 1 + Σ௝ୀଵ
௤

𝐵௝  − Σ௝ୀଵ
௣

𝐴௝ =  0  and 0 <  |𝑧| <

 𝐴ଵ
ି஺భ  . … … 𝐴௉

ି஺ು𝐵ଵ
ି஻భ . … … 𝐵௤

ି஻೜
  (1.10) 

A special case of (1.8) is 

Ψ௤
௣ ቈ

(𝛼ଵ, 1), (𝛼ଶ, 1), … … ൫𝛼௣ , 1൯

(𝛽ଵ, 1)(𝛽ଶ, 1) … … ൫𝛽௤, 1൯
, 𝑧቉  =

  
∏ Γ൫ఈೕ൯

೛
ೕసభ

∏ Γ൫ఉೕ൯
೜
ೕసభ

  𝐹௤
௣

൤
𝛼ଵ, 𝛼ଶ, … … 𝛼௣

𝛽ଵ, 𝛽ଶ, … … 𝛽௣
, 𝑧൨     (1.11) 

where 𝐹௤
௣is the generalized hypergeometric series. 

It should be noted that 

 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣
ఎ,ఘ,ఊ,௤ (𝑧) = Σ௡ୀ଴

∞  
(ఎ)ഐ೙(ఊ)೜೙௭೙

Γ(ఈ௡ ାఉ) (ఔ)഑೙(ఋ)೛೙
  

=
Γ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
Σ௡ୀ଴

∞  
Γ(ఎାఘ௡)Γ(ఊା௤௡)Γ(ଵା௡) ௭೙

Γ(ఈ௡ ାఉ)Γ(ఔାఙ௡)Γ(ఋା௣௡ ) ௡! 
  

 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣
ఎ,ఘ,ఊ,௤ (𝑧) =

Γ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
 Ψଷ

ଷ ൤
(𝜂, 𝜌), (𝛾, 𝑞), (1,1)

(𝛽, 𝛼), (𝜈, 𝜎), (𝛿, 𝑝)
 , 𝑧൨   

 

𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣
ఎ,ఘ,ఊ,௤ (𝑧) =

Γ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
 Hଷ,ସ

ଵ,ଷ ൤−𝑧,
(1 − 𝜂, 𝜌), (1 − 𝛾, 𝑞), (0,1)

(0,1), (1 − 𝛽, 𝛼), (1 − 𝜈, 𝜎), (1 − 𝛿, 𝑝)
 ൨  

When 𝜌 = 𝑞 = 𝛼 =  𝜎 = 𝑝 = 1 then we have 

 𝐸ଵ,ఉ,ఔ,ଵ,ఋ,ଵ
ఎ,ଵ,ఊ,ଵ (𝑧) =

Γ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
 Fଷ

ଷ ൤
𝜂, 𝛾, 1
𝛽, 𝜈, 𝛿

 , 𝑧൨   

2. PRELIMINARIES  

Definition 2.1. The Gamma function (Rainville (1960)) can be 
defined as: 

Γ(𝜆) = ∫ 𝑒ି௧𝑡ఒିଵ∞

଴
 𝑑𝑡,    ℜ(𝜆 > 0)    (2.1) 

Definition 2.2. The Beta function is defined (Olver et al. (2010)) 
as: 

𝐵(𝑢, 𝑣) =  ∫ 𝑡(௨ିଵ) (1 − 𝑡)௩ିଵଵ

଴
  𝑑𝑡   =

Γ(୳)Γ(୴)

Γ(୳ା୴)
 =

  𝐵(𝑢, 𝑣),   (𝑢, 𝑣 ∈ ℜ)   (2.2) 
Definition 2.3.   The Jacobi polynomial 𝑃௡

ఛ,ఔ (𝑥)  (Rainville 
(1960), p. 254) is defined as: 

𝑃௡
ఛ,ఔ (𝑥) =

(ఛ ା ଵ)೙

௡!
 𝐹ଵ

ଶ ቂ
−𝑛;  1 + 𝜏 +  𝑣 +  𝑛

1 + 𝜏
,   

ଵି௫

ଶ
ቃ  (2.3) 

where 𝐹ଵ
ଶ is the classical hypergeometric functions defined as: 

𝐹ଵ
ଶ ቂ

−𝑛;  1 + 𝜏 +  𝑣 +  𝑛
1 + 𝜏

,   
ଵି௫

ଶ
ቃ =  Σ௟ୀ଴

∞  
(ି௡)೗(ଵ ାఛ ା ௩ ା ௡)೗

(ଵ ାఛ )೗    ௟!
 ቀ

ଵି௫

ଶ
ቁ

௟

  

When 𝜏 =  𝑣 =  0 , then the polynomial (8) becomes the 
Legendre polynomial(Rainville (1960), p.157) and also, we have 

𝑃௡
ఛ,ఔ (1) =

(ఛ ା ଵ)೙

௡!
     (2.4) 

3. INTEGRALS INVOLVING GENERALIZED MITTAGE-
LEFFLER FUNCTIONS WITH ALGEBRAIC FUNCTION 

 
In this section, we evaluate the following integral formulas 

involving generalized Mittag Leffler function defined in (1.7) with 
some algebraic functions: 

Theorem 3.1 : For 𝛼, 𝛽, 𝜈, 𝜎, 𝛿, 𝜉, 𝜔, 𝜂, 𝜌, 𝛾, 𝑝, 𝑞 ∈ 𝐶  with  
0 <   ℜ(𝜈), 0 <   ℜ(𝛿), 0 <   ℜ(𝜉 − 𝜔),0 <   ℜ( 𝜂),0 <   ℜ(𝛾)  also 
𝑝, 𝑞 > 0  and 𝑞 <  𝑅(𝛼) + 𝑝 then, 

∫ 𝑥ିక(1 − 𝑥)కିఠିଵଵ

଴
 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣

ఎ,ఘ,ఊ,௤ (𝑧𝑥) 𝑑𝑥 =

  
Γ(ఔ)Γ(ఋ)Γ(ξିω)

Γ(ఎ)Γ(ఊ)
 Ψସ

ସ  ൤
(𝜂, 𝜌), (𝛾, 𝑞), (1 − 𝜉, 1), (1,1)

(𝛽, 𝛼), (𝜈, 𝜎), (𝛿, 𝑝), (1 − 𝜔, 1)
, 𝑧൨ (3.1.1) 

Or  

∫ 𝑥ିక(1 − 𝑥)కିఠିଵଵ

଴
 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣

ఎ,ఘ,ఊ,௤ (𝑧𝑥) 𝑑𝑥 =   
Γ(ఔ)Γ(ఋ)Γ(ξିω)

Γ(ఎ)Γ(ఊ)
×

 Hସ,ହ
ଵ,ସ  ൤– 𝑧,

(1 − 𝜂, 𝜌), (1 − 𝛾, 𝑞), (1 − 1 − 𝜉, 1), (0,1)

(0,1), (1 − 𝛽, 𝛼), (1 − 𝜈, 𝜎), (1 − 𝛿, 𝑝), ( −𝜔, 1)
, 𝑧൨  

In particular, if 𝜌 = 𝑞 = 𝛼 = 𝜎 = 𝑝 = 1 in (3.1.1) then RHS of 
(3.1.1) must be equal to 

 ∫ 𝑥ିక(1 − 𝑥)కିఠିଵଵ

଴
𝐸ଵ,ఉ,ఔ,ଵ,ఋ,ଵ

ఎ,ଵ,ఊ,ଵ (𝑧𝑥) 𝑑𝑥 =

 
Γ(ఔ)Γ(ఋ)Γ(ξିω)

Γ(ఎ)Γ(ఊ)
 Fସ

ସ  ൤
𝜂, 𝛾, 1 − 𝜉, 1
𝛽, 𝜈, 𝛿, 1 − 𝜔

, 𝑧൨   

Proof : Let Left side of (3.1.1) is denoted by 𝐼ଵ then we have, 

 𝐼ଵ  =  ∫ 𝑥ିక(1 − 𝑥)కିఠିଵଵ

଴
 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣

ఎ,ఘ,ఊ,௤ (𝑧𝑥) 𝑑𝑥  

=  Σ௡ୀ଴
∞  

(ఎ)ഐ೙(ఊ)೜೙௭೙

Γ(ఈ௡ ାఉ) (ఔ)഑೙(ఋ)೛೙
∫ 𝑥௡ିక(1 − 𝑥)కିఠିଵଵ

଴
  𝑑𝑥  

=  
Γ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
Σ௡ୀ଴

∞  
Γ(ఎାఘ௡)Γ(ఊା௤௡) ௭೙

Γ(ఈ௡ ାఉ)Γ(ఔାఙ௡)Γ(ఋା௣௡ ) 
 ∫ 𝑥௡ିకାଵିଵ(1 −

ଵ

଴

𝑥)కିఠିଵ   𝑑𝑥  

=  
Γ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
Σ௡ୀ଴

∞  
Γ(ఎାఘ௡)Γ(ఊା௤௡) Γ(ଵା௡) ௭೙

Γ(ఈ௡ ାఉ)Γ(ఔାఙ௡)Γ(ఋା௣௡ ) ௡! 
 𝐵(𝑛 − 𝜉 + 1, 𝜉 − 𝜔)  

=  
Γ(ఔ)Γ(ఋ)Γ(ξିω)

Γ(ఎ)Γ(ఊ)
Σ௡ୀ଴

∞  
Γ(ఎାఘ௡)Γ(ఊା௤௡)Γ(ଵିξା୬)  Γ(ଵା௡) ௭೙

Γ(ఈ௡ ାఉ)Γ(ఔାఙ௡)Γ(ఋା௣௡ )Γ(ଵିωା୬) ௡! 
   

𝐼ଵ =  
Γ(𝜈)Γ(𝛿)Γ(ξ − ω)

Γ(𝜂)Γ(𝛾)
 Ψସ

ସ  ൤
(𝜂, 𝜌), (𝛾, 𝑞), (1 − 𝜉, 1), (1,1)

(𝛽, 𝛼), (𝜈, 𝜎), (𝛿, 𝑝), (1 − 𝜔, 1)
, 𝑧൨ 

 𝐼ଵ =  
Γ(ఔ)Γ(ఋ)Γ(ξିω)

Γ(ఎ)Γ(ఊ)
× 
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Hସ,ହ
ଵ,ସ  ൤– 𝑧,

(1 − 𝜂, 𝜌), (1 − 𝛾, 𝑞), (1 − 1 − 𝜉, 1), (0,1)

(0,1), (1 − 𝛽, 𝛼), (1 − 𝜈, 𝜎), (1 − 𝛿, 𝑝), ( −𝜔, 1)
, 𝑧൨  

When 𝜌 = 𝑞 = 𝛼 = 𝜎 = 𝑝 = 1 then we have 
 

∫ 𝑥ିక(1 − 𝑥)కିఠିଵଵ

଴
𝐸ଵ,ఉ,ఔ,ଵ,ఋ,ଵ

ఎ,ଵ,ఊ,ଵ (𝑧𝑥) 𝑑𝑥 =

 
Γ(ఔ)Γ(ఋ)Γ(ξିω)

Γ(ఎ)Γ(ఊ)
 Fସ

ସ  ൤
𝜂, 𝛾, 1 − 𝜉, 1
𝛽, 𝜈, 𝛿, 1 − 𝜔

, 𝑧൨   

Theorem 3.2 : For 𝛼, 𝛽, 𝜈, 𝜎, 𝛿, 𝜉, 𝜔, 𝜂, 𝜌, 𝛾, 𝑝, 𝑞 ∈ 𝐶  with  
0 <   ℜ(𝜈), 0 <   ℜ(𝛿), 0 <   ℜ(𝜉 − 𝜔),0 <   ℜ( 𝜂),0 <   ℜ(𝛾)  also 
𝑝, 𝑞 > 0  and 𝑞 <  𝑅(𝛼) + 𝑝 then 

∫ 𝑥కିଵ(1 − 𝑥)ఠିଵଵ

଴
 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣

ఎ,ఘ,ఊ,௤ (𝑧𝑥) 𝑑𝑥 =

 
Γ(ఔ)Γ(ఋ)Γ(ξିω)

Γ(ఎ)Γ(ఊ)
 Ψସ

ସ  ൤
(𝜂, 𝜌), (𝛾, 𝑞), (𝜉, 1), (1,1)

(𝛽, 𝛼), (𝜈, 𝜎), (𝛿, 𝑝), (𝜉 + 𝜔, 1)
, 𝑧൨ (3.2.1) 

∫ 𝑥కିଵ(1 − 𝑥)ఠିଵଵ

଴
 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣

ఎ,ఘ,ఊ,௤ (𝑧𝑥) 𝑑𝑥 =  
Γ(ఔ)Γ(ఋ)Γ(ξିω)

Γ(ఎ)Γ(ఊ)
 × 

 Hସ,ହ
ଵ,ସ  ൤– 𝑧,

(1 − 𝜂, 𝜌), (1 − 𝛾, 𝑞), (1 − 𝜉, 1), (0,1)

(0,1), (1 − 𝛽, 𝛼), (1 − 𝜈, 𝜎), (1 − 𝛿, 𝑝), (1 − 𝜉 + 𝜔, 1)
൨ 

When 𝜌 = 𝑞 = 𝛼 = 𝜎 = 𝑝 = 1 then we have 

∫ 𝑥కିଵ(1 − 𝑥)ఠିଵଵ

଴
 𝐸ଵ,ఉ,ఔ,ଵ,ఋ,ଵ

ఎ,ଵ,ఊ,ଵ (𝑧𝑥) 𝑑𝑥 =

 
Γ(ఔ)Γ(ఋ)Γ(ξିω)

Γ(ఎ)Γ(ఊ)
 Fସ

ସ  ൤
𝜂, 𝛾, 𝜉, 1

𝛽, 𝜈, 𝛿, 𝜉 + 𝜔
, 𝑧൨  

Proof : Let Left side of (3.2.1) is denoted by 𝐼ଶ then we have,                    

  𝐼ଶ  =  ∫ 𝑥కିଵ(1 − 𝑥)ఠିଵଵ

଴
 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣

ఎ,ఘ,ఊ,௤ (𝑧𝑥) 𝑑𝑥  

=  Σ௡ୀ଴
∞  

(𝜂)ఘ௡(𝛾)௤௡𝑧௡

Γ(𝛼𝑛 + 𝛽) (𝜈)ఙ௡(𝛿)௣௡

න 𝑥௡ାకିଵ(1 − 𝑥)ఠିଵ
ଵ

଴

  𝑑𝑥 

=  
Γ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
Σ௡ୀ଴

∞  
Γ(ఎାఘ௡)Γ(ఊା௤௡) ௭೙

Γ(ఈ௡ ାఉ)Γ(ఔାఙ௡)Γ(ఋା௣௡ ) 
 ∫ 𝑥௡ାకିଵ(1 − 𝑥)ఠିଵଵ

଴
  𝑑𝑥  

=  
Γ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
Σ௡ୀ଴

∞  
Γ(ఎାఘ௡)Γ(ఊା௤௡) Γ(ଵା௡) ௭೙

Γ(ఈ௡ ାఉ)Γ(ఔାఙ௡)Γ(ఋା௣௡ ) ௡! 
 𝐵(𝑛 + 𝜉 , 𝜔)  

=  
Γ(ఔ)Γ(ఋ)Γ(ఠ)

Γ(ఎ)Γ(ఊ)
Σ௡ୀ଴

∞  
Γ(ఎାఘ௡)Γ(ఊା௤௡) Γ(ଵା௡)Γ(௡ାక) ௭೙

Γ(ఈ௡ ାఉ)Γ(ఔାఙ௡)Γ(ఋା௣௡ )Γ(௡ାకାఠ) ௡! 
  

 𝐼ଶ  =  
Γ(ఔ)Γ(ఋ)Γ(ξିω)

Γ(ఎ)Γ(ఊ)
 Ψସ

ସ  ൤
(𝜂, 𝜌), (𝛾, 𝑞), (𝜉, 1), (1,1)

(𝛽, 𝛼), (𝜈, 𝜎), (𝛿, 𝑝), (𝜉 + 𝜔, 1)
, 𝑧൨   

 𝐼ଶ  =  
Γ(ఔ)Γ(ఋ)Γ(ξିω)

Γ(ఎ)Γ(ఊ)
× 

 Hସ,ହ
ଵ,ସ  ൤– 𝑧,

(1 − 𝜂, 𝜌), (1 − 𝛾, 𝑞), (1 − 𝜉, 1), (0,1)

(0,1), (1 − 𝛽, 𝛼), (1 − 𝜈, 𝜎), (1 − 𝛿, 𝑝), (1 − 𝜉 + 𝜔, 1)
൨  

In particular, if 𝜌 = 𝑞 = 𝛼 = 𝜎 = 𝑝 = 1 in (3.2.1) then RHS of 
(3.2.1) must be equal to 

  ∫ 𝑥కିଵ(1 − 𝑥)ఠିଵଵ

଴
 𝐸ଵ,ఉ,ఔ,ଵ,ఋ,ଵ

ఎ,ଵ,ఊ,ଵ (𝑧𝑥) 𝑑𝑥 =

 
Γ(ఔ)Γ(ఋ)Γ(ξିω)

Γ(ఎ)Γ(ఊ)
 Fସ

ସ  ൤
𝜂, 𝛾, 𝜉, 1

𝛽, 𝜈, 𝛿, 𝜉 + 𝜔
, 𝑧൨  

Theorem 3.3 : For 𝛼, 𝛽, 𝜈, 𝜎, 𝛿, 𝜉, 𝜔, 𝜂, 𝜌, 𝛾, 𝑝, 𝑞 ∈ 𝐶  with  
0 <   ℜ(𝜈), 0 <   ℜ(𝛿), 0 <   ℜ(𝜔),0 <   ℜ( 𝜂),0 <   ℜ(𝛾)  also 
𝑝, 𝑞 > 0  and 𝑞 <  𝑅(𝛼) + 𝑝 then 

∫ 𝑥ିక(𝑥 − 1)ఠିଵ∞

ଵ
 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣

ఎ,ఘ,ఊ,௤
ቀ

௭

௫
ቁ  𝑑𝑥 =

 
Γ(ఔ)Γ(ఋ)Γ (ఠ)

Γ(ఎ)Γ(ఊ)
 Ψସ

ସ  ൤
(𝜂, 𝜌), (𝛾, 𝑞), (𝜉 − 𝜔, 1), (1,1)

(𝛽, 𝛼), (𝜈, 𝜎), (𝛿, 𝑝), (𝜉, 1)
, 𝑧൨  (3.3.1) 

∫ 𝑥ିక(𝑥 − 1)ఠିଵ∞

ଵ
 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣

ఎ,ఘ,ఊ,௤
ቀ

௭

௫
ቁ  𝑑𝑥 =   

Γ(ఔ)Γ(ఋ)Γ (ఠ)

Γ(ఎ)Γ(ఊ)
×

 Hସ,ହ
ଵ,ସ  ൤– 𝑧,

(1 − 𝜂, 𝜌), (1 − 𝛾, 𝑞), (1 − 𝜉 − 𝜔, 1), (0,1)

(0,1), (1 − 𝛽, 𝛼), (1 − 𝜈, 𝜎), (1 − 𝛿, 𝑝), (1 − 𝜉, 1)
, 𝑧൨  

In particular, if 𝜌 = 𝑞 = 𝛼 = 𝜎 = 𝑝 = 1 in (3.3.1) then RHS of 
(3.1.1) must be equal to 

∫ 𝑥ିక(𝑥 − 1)ఠିଵ∞

ଵ
 𝐸ଵ,ఉ,ఔ,ଵ,ఋ,ଵ

ఎ,ଵ,ఊ,ଵ
ቀ

௭

௫
ቁ  𝑑𝑥 =

 
Γ(ఔ)Γ(ఋ)Γ (ఠ)

Γ(ఎ)Γ(ఊ)
 Fସ

ସ  ൤
𝜂, 𝛾, 𝜉 − 𝜔, 1

𝛽, 𝜈, 𝛿, 𝜉
, 𝑧൨  

Proof : Let Left side of (3.3.1) is denoted by 𝐼ଷ then we have, 

 𝐼ଷ  =  ∫ 𝑥ିక(𝑥 − 1)ఠିଵ∞

ଵ
 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣

ఎ,ఘ,ఊ,௤
ቀ

௭

௫
ቁ  𝑑𝑥  

=  Σ௡ୀ଴
∞  

(𝜂)ఘ௡(𝛾)௤௡𝑧௡

Γ(𝛼𝑛 + 𝛽) (𝜈)ఙ௡(𝛿)௣௡

න 𝑥ି௡ିక(𝑥 − 1)ఠିଵ
∞

ଵ

  𝑑𝑥 

Put (𝑥 − 1) =  𝑡 then 𝑑𝑥 = 𝑑𝑡, if 𝑥 = 1 then  𝑡 = 0 and if 𝑥 = ∞  
then 𝑡 = ∞ which implies  

=  Σ௡ୀ଴
∞  

(ఎ)ഐ೙(ఊ)೜೙௭೙

Γ(ఈ௡ ାఉ) (ఔ)഑೙(ఋ)೛೙
∫ (1 + 𝑡)ି௡ିక𝑡ఠିଵ∞

଴
  𝑑𝑡  

=  Σ௡ୀ଴
∞  

(ఎ)ഐ೙(ఊ)೜೙௭೙

Γ(ఈ௡ ାఉ) (ఔ)഑೙(ఋ)೛೙
∫

௧ഘషభ

(ଵା௧)೙శ഍

∞

଴
  𝑑𝑡  

=  Σ௡ୀ଴
∞  

(ఎ)ഐ೙(ఊ)೜೙௭೙

Γ(ఈ௡ ାఉ) (ఔ)഑೙(ఋ)೛೙

Γ (ఠ)Γ (కିఠା௡)

Γ (కା௡)
  

=  
Γ(ఔ)Γ(ఋ)Γ (ఠ)

Γ(ఎ)Γ(ఊ)
Σ௡ୀ଴

∞  
Γ(ఎାఘ௡)Γ(ఊା௤௡)Γ (కିఠା௡)Γ(ଵା௡)

Γ(ఈ௡ ାఉ)Γ(ఔାఙ௡)Γ(ఋା௣௡ )Γ (కା௡) 

 ௭೙

௡!
  

  𝐼ଷ =  
Γ(ఔ)Γ(ఋ)Γ (ఠ)

Γ(ఎ)Γ(ఊ)
 Ψସ

ସ  ൤
(𝜂, 𝜌), (𝛾, 𝑞), (𝜉 − 𝜔, 1), (1,1)

(𝛽, 𝛼), (𝜈, 𝜎), (𝛿, 𝑝), (𝜉, 1)
, 𝑧൨  

 𝐼ଷ =  
Γ(ఔ)Γ(ఋ)Γ (ఠ)

Γ(ఎ)Γ(ఊ)
 ×  

Hସ,ହ
ଵ,ସ  ൤– 𝑧,

(1 − 𝜂, 𝜌), (1 − 𝛾, 𝑞), (1 − 𝜉 − 𝜔, 1), (0,1)

(0,1), (1 − 𝛽, 𝛼), (1 − 𝜈, 𝜎), (1 − 𝛿, 𝑝), (1 − 𝜉, 1)
, 𝑧൨   

When 𝜌 = 𝑞 = 𝛼 = 𝜎 = 𝑝 = 1 then we have 

∫ 𝑥ିక(𝑥 − 1)ఠିଵ∞

ଵ
 𝐸ଵ,ఉ,ఔ,ଵ,ఋ,ଵ

ఎ,ଵ,ఊ,ଵ
ቀ

௭

௫
ቁ  𝑑𝑥 =

 
Γ(ఔ)Γ(ఋ)Γ (ఠ)

Γ(ఎ)Γ(ఊ)
 Fସ

ସ  ൤
𝜂, 𝛾, 𝜉 − 𝜔, 1

𝛽, 𝜈, 𝛿, 𝜉
, 𝑧൨  

Theorem 3.4 : For 𝛼, 𝛽, 𝜈, 𝜎, 𝛿, 𝜉, 𝜔, 𝜂, 𝜌, 𝛾, 𝑝, 𝑞 ∈ 𝐶  with  
0 <   ℜ(𝜈), 0 <   ℜ(𝛿), 0 <   𝑅( 𝜂),0 <   ℜ(𝛾)  also 𝑝, 𝑞 > 0   and 
𝑞 <  𝑅(𝛼) + 𝑝 then 

∫ 𝑥ିక(𝑥 − 1)ఠିଵ∞

ଵ
 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣

ఎ,ఘ,ఊ,௤
ቀ

௭

௫(௫ିଵ)
ቁ  𝑑𝑥 =

  
Γ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
 Ψସ

ହ  ൤
(𝜂, 𝜌), (𝛾, 𝑞), (𝜔 − 1, −1), (𝜉 −  𝜔 + 1, 2), (1,1)

(𝛽, 𝛼), (𝜈, 𝜎), (𝛿, 𝑝), (𝜔 +  𝜉, 1)
, 𝑧൨   

      (3.4.1) 

∫ 𝑥ିక(𝑥 − 1)ఠିଵ∞

ଵ
 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣

ఎ,ఘ,ఊ,௤
ቀ

௭

௫(௫ିଵ)
ቁ  𝑑𝑥 =

 
Γ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
 Hହ,ହ

ଵ,ହ  ൤– 𝑧,
(1 − 𝜂, 𝜌), (1 − 𝛾, 𝑞), (−𝜔, −1), (𝜉 −  𝜔, 2), (0,1)

(0,1), (1 − 𝛽, 𝛼), (1 − 𝜈, 𝜎), (1 − 𝛿, 𝑝), (1 − 𝜔 +  𝜉, 1)
൨  

Proof : Let Left side of (3.4.1) is denoted by 𝐼ସ then we have, 

𝐼ସ  =  ∫ 𝑥ିక(𝑥 − 1)ఠିଵ∞

ଵ
 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣

ఎ,ఘ,ఊ,௤
ቀ

௭

௫(௫ିଵ)
ቁ  𝑑𝑥  

=  Σ௡ୀ଴
∞  

(𝜂)ఘ௡(𝛾)௤௡𝑧௡

Γ(𝛼𝑛 + 𝛽) (𝜈)ఙ௡(𝛿)௣௡

න 𝑥ି௡ିక(𝑥 − 1)ି௡ାఠିଵ
∞

ଵ

  𝑑𝑥 

Put (𝑥 − 1) =  𝑡  then 𝑑𝑥 = 𝑑𝑡 , if 𝑥 = 1  then  𝑡 = 0  and if 
 𝑥 = ∞  then 𝑡 = ∞ which implies  

 =  Σ௡ୀ଴
∞  

(ఎ)ഐ೙(ఊ)೜೙௭೙

Γ(ఈ௡ ାఉ) (ఔ)഑೙(ఋ)೛೙
∫ (1 + 𝑡)ି௡ିక𝑡ି௡ାఠିଵ∞

଴
  𝑑𝑡  

=  Σ௡ୀ଴
∞  

(ఎ)ഐ೙(ఊ)೜೙௭೙

Γ(ఈ௡ ାఉ) (ఔ)഑೙(ఋ)೛೙
∫

௧ഘషభష೙

(ଵା௧)೙శ഍

∞

଴
  𝑑𝑡    

=  Σ௡ୀ଴
∞  

(ఎ)ഐ೙(ఊ)೜೙௭೙

Γ(ఈ௡ ାఉ) (ఔ)഑೙(ఋ)೛೙
 
Γ(ఠିଵି௡)Γ(కି ఠାଵାଶ௡)

Γ(ఠ ା క ା௡)
  

     

=   
Γ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
Σ௡ୀ଴

∞  
Γ(ఎାఘ௡)Γ(ఊା௤௡)Γ(ఠିଵି௡)Γ(కି ఠାଵାଶ௡)Γ(௡ାଵ)

Γ(ఈ௡ ାఉ)Γ(ఔାఙ௡)Γ(ఋା௣௡ )Γ(ఠ ା క ା௡)  

 ௭೙

௡!
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𝐼ସ =

 
Γ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
 Ψସ

ହ  ൤
(𝜂, 𝜌), (𝛾, 𝑞), (𝜔 − 1, −1), (𝜉 −  𝜔 + 1, 2), (1,1)

(𝛽, 𝛼), (𝜈, 𝜎), (𝛿, 𝑝), (𝜔 +  𝜉, 1)
, 𝑧൨   

 𝐼ସ =  
Γ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
 × 

 Hହ,ହ
ଵ,ହ  ൤– 𝑧,

(1 − 𝜂, 𝜌), (1 − 𝛾, 𝑞), (−𝜔, −1), (𝜉 −  𝜔, 2), (0,1)

(0,1), (1 − 𝛽, 𝛼), (1 − 𝜈, 𝜎), (1 − 𝛿, 𝑝), (1 − 𝜔 +  𝜉, 1)
൨  

By using the formula (Rainville (1960), p. 31) 
 

∫ (1 −  𝑥)కିଵ(1 +  𝑥)ఠିଵ𝑑𝑥
ଵ

ିଵ
   =  2కାఠିଵ𝐵(𝜉 , 𝜔 );  

 
We get following results 
 
Theorem 3.5 : For 𝛼, 𝛽, 𝜈, 𝜎, 𝛿, 𝜉, 𝜔, 𝜂, 𝜌, 𝛾, 𝑝, 𝑞 ∈ 𝐶  with  

0 <   ℜ(𝜈), 0 <   ℜ(𝛿), 0 <   ℜ( 𝜔 + 1),0 <   ℜ( 𝜂),0 <   ℜ(𝛾)  
also 𝑝, 𝑞 > 0  and 𝑞 <  𝑅(𝛼) + 𝑝 then 

∫ (1 − 𝑥)క(𝑥 + 1)ఠଵ

ିଵ
 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣

ఎ,ఘ,ఊ,௤ (𝑧(1 − 𝑥)ఛ)   𝑑𝑥 =

 
ଶ഍శഘశభΓ(ఔ)Γ(ఋ)Γ(ఠାଵ)

Γ(ఎ)Γ(ఊ)
 Ψସ

ସ  ൤
(𝜂, 𝜌), (𝛾, 𝑞), (𝜉 + 1, 𝜏), (1,1)

(𝛽, 𝛼), (𝜈, 𝜎), (𝛿, 𝑝), (𝜉 + 𝜔 + 2, 𝜏)
, 2ఛ𝑧൨   

      (3.5.1) 

∫ (1 − 𝑥)క(𝑥 + 1)ఠଵ

ିଵ
 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣

ఎ,ఘ,ఊ,௤ (𝑧(1 − 𝑥)ఛ)  𝑑𝑥 =

ଶ഍శഘశభΓ(ఔ)Γ(ఋ)Γ(ఠାଵ)

Γ(ఎ)Γ(ఊ)
×

 Ψସ,ହ
ଵ,ସ  ൤−2ఛ𝑧,

(1 − 𝜂, 𝜌), (1 − 𝛾, 𝑞), (𝜉, 𝜏), (0,1)

(0,1), (1 − 𝛽, 𝛼), (1 − 𝜈, 𝜎), (1 − 𝛿, 𝑝), (𝜉 + 𝜔 + 1, 𝜏)
൨   

In particular, if 𝜌 = 𝑞 = 𝜏 = 𝛼 = 𝜎 = 𝑝 = 1 in (3.5.1) then RHS 
of (3.5.1) must be equal to 

∫ (1 − 𝑥)క(𝑥 + 1)ఠଵ

ିଵ
 𝐸ଵ,ఉ,ఔ,ଵ,ఋ,ଵ

ఎ,ଵ,ఊ,ଵ
൫𝑧(1 − 𝑥)൯  𝑑𝑥 =

 
ଶ഍శഘశభΓ(ఔ)Γ(ఋ)Γ(ఠାଵ)

Γ(ఎ)Γ(ఊ)
 Fସ

ସ  ൤
𝜂, 𝛾, 𝜉 + 1, 1

𝛽, 𝜈, 𝛿, 𝜉 + 𝜔 + 2
, 2𝑧൨   

Proof : Let Left side of (3.5.1) is denoted by 𝐼ହ then we have, 

 𝐼ହ  =  ∫ (1 − 𝑥)క(𝑥 + 1)ఠଵ

ିଵ
 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣

ఎ,ఘ,ఊ,௤ (𝑧(1 − 𝑥)ఛ)  𝑑𝑥  

=  Σ௡ୀ଴
∞  

(𝜂)ఘ௡(𝛾)௤௡𝑧௡

Γ(𝛼𝑛 + 𝛽) (𝜈)ఙ௡(𝛿)௣௡

න (1 − 𝑥)కାఛ௡(1 + 𝑥)ఠ
ଵ

ିଵ

  𝑑𝑥 

 =  Σ௡ୀ଴
∞  

(ఎ)ഐ೙(ఊ)೜೙௭೙

Γ(ఈ௡ ାఉ) (ఔ)഑೙(ఋ)೛೙
∫ (1 − 𝑥)కାఛ௡ାଵିଵ(1 + 𝑥)ఠାଵିଵଵ

ିଵ
  𝑑𝑥  

=  Σ௡ୀ଴
∞  

(ఎ)ഐ೙(ఊ)೜೙௭೙

Γ(ఈ௡ ାఉ) (ఔ)഑೙(ఋ)೛೙
    2కାఛ௡ାଵାఠାଵିଵ𝐵(𝜉 + 𝜏𝑛 + 1 , 𝜔 +

1 )  
=

ଶ഍శഘశభΓ(ఔ)Γ(ఋ)Γ(ఠାଵ)

Γ(ఎ)Γ(ఊ)
Σ௡ୀ଴

∞  
Γ(ఎାఘ௡)Γ(ఊା௤௡)Γ(కାଵାఛ )Γ(ଵା௡)

Γ(ఈ௡ ାఉ) Γ(ఔାఙ௡)Γ(ఋା௣௡)Γ(కାఠାଶାఛ௡)
   

௭೙ଶഓ೙

௡!
    

𝐼ହ =

 
ଶ഍శഘశభΓ(ఔ)Γ(ఋ)Γ(ఠାଵ)

Γ(ఎ)Γ(ఊ)
 Ψସ

ସ  ൤
(𝜂, 𝜌), (𝛾, 𝑞), (𝜉 + 1, 𝜏), (1,1)

(𝛽, 𝛼), (𝜈, 𝜎), (𝛿, 𝑝), (𝜉 + 𝜔 + 2, 𝜏)
, 2ఛ𝑧൨   

 𝐼ହ =

 
ଶ഍శഘశభΓ(ఔ)Γ(ఋ)Γ(ఠାଵ)

Γ(ఎ)Γ(ఊ)
×

 Hସ,ହ
ଵ,ସ  ൤−2ఛ𝑧,

(1 − 𝜂, 𝜌), (1 − 𝛾, 𝑞), (𝜉, 𝜏), (0,1)

(0,1), (1 − 𝛽, 𝛼), (1 − 𝜈, 𝜎), (1 − 𝛿, 𝑝), (𝜉 + 𝜔 + 1, 𝜏)
൨  

When 𝜌 = 𝑞 = 𝜏 = 𝛼 = 𝜎 = 𝑝 = 1 then we have 

 ∫ (1 − 𝑥)క(𝑥 + 1)ఠଵ

ିଵ
 𝐸ଵ,ఉ,ఔ,ଵ,ఋ,ଵ

ఎ,ଵ,ఊ,ଵ
൫𝑧(1 − 𝑥)൯  =

 
ଶ഍శഘశభΓ(ఔ)Γ(ఋ)Γ(ఠାଵ)

Γ(ఎ)Γ(ఊ)
 Fସ

ସ  ൤
𝜂, 𝛾, 𝜉 + 1, 1

𝛽, 𝜈, 𝛿, 𝜉 + 𝜔 + 2
, 2𝑧൨  

Theorem 3.6 : For 𝛼, 𝛽, 𝜈, 𝜎, 𝛿, 𝜉, 𝜔, 𝜂, 𝜌, 𝛾, 𝑝, 𝑞 ∈ 𝐶  with  
0 <   ℜ(𝜈), 0 <   ℜ(𝛿), 0 <   ℜ(𝜉 + 1),0 <   ℜ( 𝜂),0 <   ℜ(𝛾)  also 
𝑝, 𝑞 > 0  and 𝑞 <  𝑅(𝛼) + 𝑝 then 

∫ (1 − 𝑥)క(𝑥 + 1)ఠଵ

ିଵ
 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣

ఎ,ఘ,ఊ,௤ (𝑧(1 + 𝑥)ఛ)  𝑑𝑥 =

 
ଶ഍శഘశభΓ(ఔ)Γ(ఋ)Γ(కାଵ)

Γ(ఎ)Γ(ఊ)
 Ψସ

ସ  ൤
(𝜂, 𝜌), (𝛾, 𝑞), (𝜔 + 1, 𝜏), (1,1)

(𝛽, 𝛼), (𝜈, 𝜎), (𝛿, 𝑝), (𝜉 + 𝜔 + 2, 𝜏)
, 2ఛ𝑧൨    

      (3.6.1) 

∫ (1 − 𝑥)క(𝑥 + 1)ఠଵ

ିଵ
 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣

ఎ,ఘ,ఊ,௤ (𝑧(1 + 𝑥)ఛ)  𝑑𝑥 =

 
ଶ഍శഘశభΓ(ఔ)Γ(ఋ)Γ(కାଵ)

Γ(ఎ)Γ(ఊ)
 ×

 Hସ,ହ
ଵ,ସ  ൤−2ఛ𝑧,

(1 − 𝜂, 𝜌), (1 − 𝛾, 𝑞), (𝜔, 𝜏), (0,1)

(0,1), (1 − 𝛽, 𝛼), (1 − 𝜈, 𝜎), (1 − 𝛿, 𝑝), (𝜉 + 𝜔 + 1, 𝜏)
൨  

In particular, if 𝜌 = 𝑡𝑎𝑢 𝑞 = 𝛼 = 𝜎 = 𝑝 = 1 in (3.6.1) then RHS 
of (3.6.1) must be equal to 

∫ (1 − 𝑥)క(𝑥 + 1)ఠଵ

ିଵ
 𝐸ଵ,ఉ,ఔ,ଵ,ఋ,ଵ

ఎ,ଵ,ఊ,ଵ
൫𝑧(1 + 𝑥)൯  𝑑𝑥 =

 
ଶ഍శഘశభΓ(ఔ)Γ(ఋ)Γ(కାଵ)

Γ(ఎ)Γ(ఊ)
 Fସ

ସ  ൤
𝜂, 𝛾, 𝜔 + 1, 1

𝛽, 𝜈, 𝛿, 𝜉 + 𝜔 + 2
, 2𝑧൨  

Proof : Let Left side of (3.6.1) is denoted by 𝐼଺ then we have, 

 𝐼଺  =  ∫ (1 − 𝑥)క(𝑥 + 1)ఠଵ

ିଵ
 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣

ఎ,ఘ,ఊ,௤ (𝑧(1 + 𝑥)ఛ)  𝑑𝑥  

  =  Σ௡ୀ଴
∞  

(ఎ)ഐ೙(ఊ)೜೙௭೙

Γ(ఈ௡ ାఉ) (ఔ)഑೙(ఋ)೛೙
∫ (1 − 𝑥)క(1 + 𝑥)ఠାఛ௡ଵ

ିଵ
  𝑑𝑥 

=

 Σ௡ୀ଴
∞  

(ఎ)ഐ೙(ఊ)೜೙௭೙

Γ(ఈ௡ ାఉ) (ఔ)഑೙(ఋ)೛೙
∫ (1 − 𝑥)క ାଵିଵ(1 + 𝑥)ఠାାఛ௡ାଵିଵଵ

ିଵ
  𝑑𝑥  

     

=  Σ௡ୀ଴
∞  

(ఎ)ഐ೙(ఊ)೜೙௭೙

Γ(ఈ௡ ାఉ) (ఔ)഑೙(ఋ)೛೙
    2కାఛ௡ାଵାఠାଵିଵ𝐵(𝜉 + 1 , 𝜔 + 𝜏𝑛 + 1 )  

=
ଶ഍శഘశభΓ(ఔ)Γ(ఋ)Γ(కାଵ)

Γ(ఎ)Γ(ఊ)
Σ௡ୀ଴

∞  
Γ(ఎାఘ௡)Γ(ఊା௤௡)Γ(ఠାଵାఛ )Γ(ଵା௡)

Γ(ఈ௡ ାఉ) Γ(ఔାఙ௡)Γ(ఋା௣௡)Γ(కାఠାଶାఛ௡)
   

௭೙ଶഓ೙

௡!
    

 
𝐼଺ =

 
ଶ഍శഘశభΓ(ఔ)Γ(ఋ)Γ(కାଵ)

Γ(ఎ)Γ(ఊ)
 Ψସ

ସ  ൤
(𝜂, 𝜌), (𝛾, 𝑞), (𝜔 + 1, 𝜏), (1,1)

(𝛽, 𝛼), (𝜈, 𝜎), (𝛿, 𝑝), (𝜉 + 𝜔 + 2, 𝜏)
, 2ఛ𝑧൨   

 
𝐼଺ =

 
ଶ഍శഘశభΓ(ఔ)Γ(ఋ)Γ(కାଵ)

Γ(ఎ)Γ(ఊ)
 ×

Hସ,ହ
ଵ,ସ  ൤−2ఛ𝑧,

(1 − 𝜂, 𝜌), (1 − 𝛾, 𝑞), (𝜔, 𝜏), (0,1)

(0,1), (1 − 𝛽, 𝛼), (1 − 𝜈, 𝜎), (1 − 𝛿, 𝑝), (𝜉 + 𝜔 + 1, 𝜏)
൨ 

When 𝜌 = 𝑞 = 𝜏 = 𝛼 = 𝜎 = 𝑝 = 1 then we have 

∫ (1 − 𝑥)క(𝑥 + 1)ఠଵ

ିଵ
 𝐸ଵ,ఉ,ఔ,ଵ,ఋ,ଵ

ఎ,ଵ,ఊ,ଵ
൫𝑧(1 + 𝑥)൯  𝑑𝑥 =

 
ଶ഍శഘశభΓ(ఔ)Γ(ఋ)Γ(కାଵ)

Γ(ఎ)Γ(ఊ)
 Fସ

ସ  ൤
𝜂, 𝛾, 𝜔 + 1, 1

𝛽, 𝜈, 𝛿, 𝜉 + 𝜔 + 2
, 2𝑧൨  

Theorem 3.7 : For 𝛼, 𝛽, 𝜈, 𝜎, 𝛿, 𝜉, 𝜔, 𝜂, 𝜌, 𝛾, 𝑝, 𝑞 ∈ 𝐶  with  
0 <   ℜ(𝜈), 0 <   ℜ(𝛿), 0 <   ℜ( 𝜂),0 <   ℜ(𝛾)  also 𝑝, 𝑞 > 0   and 
𝑞 <  𝑅(𝛼) + 𝑝 then 

∫ (1 − 𝑥)క(𝑥 + 1)ఠଵ

ିଵ
 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣

ఎ,ఘ,ఊ,௤ (𝑧(1 − 𝑥)௛(1 + 𝑥)ఛ)  𝑑𝑥 =

 
ଶ഍శഘశభΓ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
 Ψସ

ହ  ൤
(𝜂, 𝜌), (𝛾, 𝑞), (𝜉 + 1, ℎ), (𝜔 + 1, 𝜏), (1,1)

(𝛽, 𝛼), (𝜈, 𝜎), (𝛿, 𝑝), (𝜉 + 𝜔 + 2, 𝜏)
, 2(௛ାఛ)𝑧൨  

   (3.7.1) 

∫ (1 − 𝑥)క(𝑥 + 1)ఠଵ

ିଵ
 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣

ఎ,ఘ,ఊ,௤ (𝑧(1 − 𝑥)௛(1 + 𝑥)ఛ)  𝑑𝑥 =

 
ଶ഍శഘశభΓ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
 Hସ,ହ

ଵ,ହ  ൤−2(௛ାఛ)𝑧,
(1 − 𝜂, 𝜌), (1 − 𝛾, 𝑞), (𝜉, ℎ), (𝜔, 𝜏), (0,1)

(0,1), (1 − 𝛽, 𝛼), (1 − 𝜈, 𝜎), (1 − 𝛿, 𝑝), (𝜉 + 𝜔
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In particular, if 𝜌 = 𝑞 = 𝜏 = ℎ = 𝛼 = 𝜎 = 𝑝 = 1 in (3.7.1) then 
RHS of (3.7.1) must be equal to 

∫ (1 − 𝑥)క(𝑥 + 1)ఠଵ

ିଵ
 𝐸ଵ,ఉ,ఔ,ଵ,ఋ,ଵ

ఎ,ଵ,ఊ,ଵ
൫𝑧(1 − 𝑥ଶ)൯  𝑑𝑥 =

 
ଶ഍శഘశభΓ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
 Fସ

ହ  ൤
𝜂, 𝛾, 𝜉 + 1, 𝜔 + 1, 1
𝛽, 𝜈, 𝛿, 𝜉 + 𝜔 + 2

, 4𝑧൨   

Proof : Let Left side of (3.7.1) is denoted by 𝐼଻ then we have, 

 𝐼଻  =  ∫ (1 − 𝑥)క(𝑥 + 1)ఠଵ

ିଵ
 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣

ఎ,ఘ,ఊ,௤ (𝑧(1 − 𝑥)௛(1 + 𝑥)ఛ)  𝑑𝑥  

  =  Σ௡ୀ଴
∞  

(ఎ)ഐ೙(ఊ)೜೙௭೙

Γ(ఈ௡ ାఉ) (ఔ)഑೙(ఋ)೛೙
∫ (1 − 𝑥)కା௛௡(1 + 𝑥)ఠାఛ௡ଵ

ିଵ
  𝑑𝑥 

  

=  Σ௡ୀ଴
∞  

(ఎ)ഐ೙(ఊ)೜೙௭೙

Γ(ఈ௡ ାఉ) (ఔ)഑೙(ఋ)೛೙
∫ (1 − 𝑥)కା௛௡ ାଵିଵ(1 +

ଵ

ିଵ

𝑥)ఠାାఛ௡ାଵି   𝑑𝑥  

=  Σ௡ୀ଴
∞  

(ఎ)ഐ೙(ఊ)೜೙௭೙

Γ(ఈ௡ ାఉ) (ఔ)഑೙(ఋ)೛೙
    2కା௛௡ାఛ௡ାଵାఠାଵି 𝐵(𝜉 + ℎ𝑛 +

1 , 𝜔 + 𝜏𝑛 + 1 )  
=

ଶ഍శഘశభΓ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
Σ௡ୀ଴

∞  
Γ(ఎାఘ௡)Γ(ఊା௤௡)Γ(కାଵା௛௡)Γ(ఠାଵାఛ )Γ(ଵା௡)

Γ(ఈ௡ ାఉ) Γ(ఔାఙ௡)Γ(ఋା௣௡)Γ(కାఠାଶାఛ௡)
   

௭೙ଶ(೓శഓ)೙

௡!
    

 
𝐼଻ =

 
ଶ഍శഘశభΓ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
 Ψସ

ହ  ൤
(𝜂, 𝜌), (𝛾, 𝑞), (𝜉 + 1, ℎ), (𝜔 + 1, 𝜏), (1,1)

(𝛽, 𝛼), (𝜈, 𝜎), (𝛿, 𝑝), (𝜉 + 𝜔 + 2, 𝜏)
, 2(௛ାఛ)𝑧൨   

 𝐼଻ =

 
ଶ഍శഘశభΓ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
 Hସ,ହ

ଵ,ହ  ൤−2(௛ାఛ)𝑧,
(1 − 𝜂, 𝜌), (1 − 𝛾, 𝑞), (𝜉, ℎ), (𝜔, 𝜏), (0,1)

(0,1), (1 − 𝛽, 𝛼), (1 − 𝜈, 𝜎), (1 − 𝛿, 𝑝), (𝜉 + 𝜔 + 1, 𝜏)
൨  

When 𝜌 = 𝑞 = ℎ = 𝜏 = 𝛼 = 𝜎 = 𝑝 = 1 then we have 

∫ (1 − 𝑥)క(𝑥 + 1)ఠଵ

ିଵ
 𝐸ଵ,ఉ,ఔ,ଵ,ఋ,ଵ

ఎ,ଵ,ఊ,ଵ
൫𝑧(1 − 𝑥ଶ)൯  𝑑𝑥 =

 
ଶ഍శഘశభΓ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
 Fସ

ହ  ൤
𝜂, 𝛾, 𝜉 + 1, 𝜔 + 1, 1
𝛽, 𝜈, 𝛿, 𝜉 + 𝜔 + 2

, 4𝑧൨  

Integrals involving generalized Mittag-Leffler functions with 
Jacobi polynomials 

In this section, we derive the following integral formulas 
involving generalized Mittag-Leffler functions multiplied with 
Jacobi Polynomials: 
Theorem 3.8 : For 𝛼, 𝛽, 𝜈, 𝜎, 𝛿, 𝜉, 𝜔, 𝜂, 𝜌, 𝛾, 𝑝, 𝑞 ∈ 𝐶  with  0 <

 ℜ(𝜈) , 0 <   ℜ(𝛿), 0 <   ℜ( 𝜂),0 <   ℜ(𝛾)  also 𝑝, 𝑞 > 0   and 
𝑞 <  𝑅(𝛼) + 𝑝 then 

∫ 𝑥௡(1 − 𝑥)ఛ(1 + 𝑥)ఓ  𝑃௡
ఛ,ఓା௡௟ 

 (𝑥) 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣
ఎ,ఘ,ఊ,௤ (𝑧 (1 + 𝑥)௟)

ଵ

ିଵ
 𝑑𝑥 =

  2ఈାఓାଵ  
Γ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
×

 Ψସ
ହ  ቈ

(𝜂, 𝜌), (𝛾, 𝑞), (1 + 𝜏, 1), ൫1 + 𝜇, (𝑙 + 1)൯, (1,1)

(𝛽, 𝛼), (𝜈, 𝜎), (𝛿, 𝑝), ൫2 + 𝜏 + 𝜇, (𝑙 + 2)൯
, 2(௟ାଵ)𝑧቉  

      (3.8.1) 

න 𝑥௡(1 − 𝑥)ఛ(1 + 𝑥)ఓ  𝑃௡
ఛ,ఓା௡௟ 

 (𝑥) 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣
ఎ,ఘ,ఊ,௤ (𝑧 (1 + 𝑥)௟)

ଵ

ିଵ

 𝑑𝑥 

=   2ఈାఓାଵ  
Γ(𝜈)Γ(𝛿)

Γ(𝜂)Γ(𝛾)
 

× Hହ,ହ
ଵ,ହ  ቈ−2(௟ାଵ)𝑧;

(1 − 𝜂, 𝜌), (1 − 𝛾, 𝑞), (𝜏, 1), ൫𝜇, (𝑙 + 1)൯, (1,1)

(0,1), (1 − 𝛽, 𝛼), (1 − 𝜈, 𝜎), (1 − 𝛿, 𝑝), ൫1 + 𝜏 + 𝜇, (𝑙 + 2)൯
቉ 

Proof : Let Left side of (3.8.1) is denoted by 𝐼  then we have, 

𝐼 =  ∫ 𝑥௡(1 − 𝑥)ఛ(1 + 𝑥)ఓ  𝑃௡
ఛ,ఓା௡௟ 

 (𝑥) 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣
ఎ,ఘ,ఊ,௤ (𝑧 (1 +

ଵ

ିଵ

𝑥)௟)  𝑑𝑥  
 

=  
Γ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
Σ௡ୀ଴

∞  
Γ(ఎାఘ௡)Γ(ఊା௤௡) ௭೙

Γ(ఈ௡ ାఉ)Γ(ఔାఙ௡)Γ(ఋା௣௡ ) 
∫ 𝑥௡(1 − 𝑥)ఛ(1 +

ଵ

ିଵ

𝑥)ఓା௟௡  𝑃௡
ఛ,ఓା௡௟ 

 (𝑥)  𝑑𝑥  

=   2ఈାఓାଵ  
Γ(𝜈)Γ(𝛿)

Γ(𝜂)Γ(𝛾)
× 

Σ௡ୀ଴
∞  

Γ(ఎାఘ௡)Γ(ఊା௤௡)Γ(ଵାఛା௡) Γ(ଵାఓା(௟ାଵ)௡)Γ(ଵା௡)

Γ(ఈ௡ ାఉ)Γ(ఔାఙ௡)Γ(ఋା௣௡ )Γ(ଶାఛାఓା(௟ାଶ)௡ ) 
 

ଶ(೗శభ)೙  ௭೙    

  ௡!
   

 
𝐼 =

  2ఈାఓାଵ  
Γ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
×

 Ψସ
ହ  ቈ

(𝜂, 𝜌), (𝛾, 𝑞), (1 + 𝜏, 1), ൫1 + 𝜇, (𝑙 + 1)൯, (1,1)

(𝛽, 𝛼), (𝜈, 𝜎), (𝛿, 𝑝), ൫2 + 𝜏 + 𝜇, (𝑙 + 2)൯
, 2(௟ାଵ)𝑧቉  

𝐼 =

  2ఈାఓାଵ  
Γ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
 ×

 Hହ,ହ
ଵ,ହ  ቈ−2(௟ାଵ)𝑧;

(1 − 𝜂, 𝜌), (1 − 𝛾, 𝑞), (𝜏, 1), ൫𝜇, (𝑙 + 1)൯, (1,1)

(0,1), (1 − 𝛽, 𝛼), (1 − 𝜈, 𝜎), (1 − 𝛿, 𝑝), ൫1 + 𝜏 + 𝜇, (𝑙 + 2)൯
቉

Theorem 3.9 : For 𝛼, 𝛽, 𝜈, 𝜎, 𝛿, 𝜉, 𝜔, 𝜂, 𝜌, 𝛾, 𝑝, 𝑞 ∈ 𝐶  with  
0 <   ℜ(𝜈), 0 <   ℜ(𝛿),0 <   ℜ( 𝜂),0 <   ℜ(𝛾)  also 𝑝, 𝑞 > 0   and 
𝑞 <  𝑅(𝛼) + 𝑝 then 

∫ 𝑥௡(1 − 𝑥)ఛ(1 + 𝑥)ఓ  𝑃௡
ఛ,ఓା௡௟ 

 (𝑥) 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣
ఎ,ఘ,ఊ,௤ (𝑧 (1 −

ଵ

ିଵ

𝑥)௟)  𝑑𝑥 =

2ఈାఓାଵ  
Γ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
×

 Ψସ
ହ  ቈ

(𝜂, 𝜌), (𝛾, 𝑞), (1 + 𝜇, 1), ൫1 + 𝜏, (𝑙 + 1)൯, (1,1)

(𝛽, 𝛼), (𝜈, 𝜎), (𝛿, 𝑝), ൫2 + 𝜏 + 𝜇, (𝑙 + 2)൯
, 2(௟ାଵ)𝑧቉   

      (3.9.1) 

∫ 𝑥௡(1 − 𝑥)ఛ(1 + 𝑥)ఓ  𝑃௡
ఛ,ఓା௡௟ 

 (𝑥) 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣
ఎ,ఘ,ఊ,௤ (𝑧 (1 −

ଵ

ିଵ

𝑥)௟)  𝑑𝑥 =  2ఈାఓାଵ  
Γ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
 ×  

Hହ,ହ
ଵ,ହ  ቈ−2(௟ାଵ)𝑧; 

(1 − 𝜂, 𝜌), (1 − 𝛾, 𝑞), (𝜇, 1), ൫𝜏, (𝑙 + 1)൯, (1,1)

(0,1), (1 − 𝛽, 𝛼), (1 − 𝜈, 𝜎), (1 − 𝛿, 𝑝), ൫1 + 𝜏 + 𝜇, (𝑙 + 2)൯
቉

Proof : Let Left side of (3.9.1) is denoted by 𝐼ଽ then we have, 
 

𝐼ଽ =  ∫ 𝑥௡(1 − 𝑥)ఛ(1 + 𝑥)ఓ  𝑃௡
ఛ,ఓା௡௟ 

 (𝑥) 𝐸ఈ,ఉ,ఔ,ఙ,ఋ,௣
ఎ,ఘ,ఊ,௤ (𝑧 (1 −

ଵ

ିଵ

𝑥)௟)  𝑑𝑥  

=  
Γ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
Σ௡ୀ଴

∞  
Γ(ఎାఘ௡)Γ(ఊା௤௡) ௭೙

Γ(ఈ௡ ାఉ)Γ(ఔାఙ௡)Γ(ఋା௣௡ ) 
∫ 𝑥௡(1 − 𝑥)ఛା௟௡(1 +

ଵ

ିଵ

𝑥)ఓ  𝑃௡
ఛା௡௟,ఓ 

 (𝑥)  𝑑𝑥  

=   2ఈାఓାଵ  
Γ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
×  

 Σ௡ୀ଴
∞  

Γ(ఎାఘ௡)Γ(ఊା௤௡)Γ(ଵାఓା௡) Γ(ଵାఛା(௟ାଵ)௡)Γ(ଵା௡)

Γ(ఈ௡ ାఉ)Γ(ఔାఙ௡)Γ(ఋା௣௡ )Γ(ଶାఛାఓା(௟ାଶ)௡ ) 
 

ଶ(೗శభ)೙  ௭೙    

  ௡!
   

 

 𝐼ଽ =  2ఈାఓାଵ  
Γ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
 ×  

  Ψସ
ହ  ቈ

(𝜂, 𝜌), (𝛾, 𝑞), (1 + 𝜇, 1), ൫1 + 𝜏, (𝑙 + 1)൯, (1,1)

(𝛽, 𝛼), (𝜈, 𝜎), (𝛿, 𝑝), ൫2 + 𝜏 + 𝜇, (𝑙 + 2)൯
, 2(௟ାଵ)𝑧቉   

 

 𝐼ଽ =  2ఈାఓାଵ  
Γ(ఔ)Γ(ఋ)

Γ(ఎ)Γ(ఊ)
×  

 Hହ,ହ
ଵ,ହ  ቈ−2(௟ାଵ)𝑧; 

(1 − 𝜂, 𝜌), (1 − 𝛾, 𝑞), (𝜇, 1), ൫𝜏, (𝑙 + 1)൯, (1,1)

(0,1), (1 − 𝛽, 𝛼), (1 − 𝜈, 𝜎), (1 − 𝛿, 𝑝), ൫1 + 𝜏 + 𝜇, (𝑙 + 2)൯
቉ 
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